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X) , 

(D , Abstract 

■ We investigate projections to odometers (group rotations over adic groups) of topolog- 

ical invertible dynamical systems with discrete time and compact Hausdorff phase space. 
For a dynamical system {X, f) with a compact phase space we consider the category 
jy^ • of its projections onto odometers. We examine the connected partial order relation on 

Q . the class of all objects of a skeleton of this category. We claim that this partially ordered 

class always have maximal elements and characterize them. It is claimed also, that this 
class have a greatest element and is isomorphic to some characteristic for the dynamical 
system {X, f) subset of the set S of ultranatural numbers if and only if the dynamical 
system {X, /) is indecomposable (the space X could not be decomposed into two proper 
disjoint closed invariant subsets). 

> 

oo Introduction 

Q I An important role in analysis of convertible dynamical systems (d. s.) with discrete time 
^ ' (cascades) plays the information 

• — on what minimal dynamical systems there exists projection of the given dynamical system 
^' (XJ); 

— how these projections are arranged; 

^ ' — how are dependent different projections of d. s. {X,f) on minimal d. s.; in particular, 
. whether for two projections hi : {X, f) (Yi,gi) and /i2 : {X, f) — > (l2,5'2) there exists 

a morphism ip : (Yi,gi) — > (I2, (72) of dynamical systems, such that h2 = i' o hi. 

It is is highly nontrivial problem to receive the answers on these questions in general case. 
To approach to its solution, modern contributors consider projections of given d. s. not onto 
all minimal d. s., but on some "convenient" classes of minimal d. s. (distal and equicontinuous 
minimal d. s., uniquely ergo die minimal d. s. etc.). 

Suppose we consider some family 21 of minimal dynamical systems and explore properties 
of projections of d. s. {X, /) onto elements of this family. In some cases elements of a class of 
all projections of d. s. {X, f) onto d. s. from 2t can be put in order in the following sense. 

*AMS classification 2000: 37B05, 37B20 
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Let hi : (Xjf) (Yi.gi) and h2 ■ (X.f) (5^2, 5'2) are projections. We shall say that 
hi ~ /i2, if there is an isomorphism of dynamical systems ip : {Yi,gi) — > {Y2,g2), such that 
/i2 — t/j o hi. Let us designate by 55 a factor-set of all projections from {X,f) onto elements 
of 21 on this equivalence relation. We introduce binary relation ^ on OS. Let Bi, B2 G 
We say that Bi ^ B2 if there exist representatives hi : {X,f) — * {Yi,gi) of the class Bi and 
/i2 : {X,f) {Y2,g2) of the class B2 and also morphism ip : {Yi,gi) — > (1^2, ^72) such that 
h2 = ip o hi. The relation ^ is easily checked to be defined correctly (i. e. it does not depend 
on the choice of representatives from Bi and B2) . 

It is important to know, whether ^ is the partial order relation on the class In the 
case of the positive answer to this question there appears a problem to describe properties of 
the class *B with the partial order ^, in particular to determine classes of all its maximal and 
minimal elements and to find the greatest and least element (if they exist). 

In what follows we consider the class A of all odometers (group rotations over adic groups) . 
This class is known to coincide with the class of all minimal distal dynamical systems with 
phase space homeomorphic to the Cantor set or some finite set. It is known also, that elements 
of the class A are classified (up to topological conjugacy) by means of the lattice of so-called 
ultranatural numbers (E, <). 

We consider dynamical systems {X, f) with Hausdorff compact phase space and their pro- 
jections to elements of A (mark that always there exists a trivial projection {X, f) — > {{pt}, Id) 
on dynamical system, which phase space consists from one point). 

It appears that an existence of nontrivial projections of d. s. (X, /) on elements of A is 
interconnected with an existence of so-called periodic partitions of the d. s. {X, /) (finite closed 
partitions of X which elements are cyclically rearranged under the action oi f : X ^ X). 

Let V{X, /) C N is a set of cardinalities of all periodic partitions of {X, /). Then V{X, f) 
is the topological invariant of (X, /) and the existence of nontrivial projections of {X, f) on 
elements of A is equivalent to the inequality V{X, /) 7^ {!}. 

Designate by A{X, /) a class of all elements of A on which we can project dynamical system 
(X, /). Let S(X, /) be a subset of the set of ultranatural numbers corresponding to A{X, /). 
Let ®(X, /) be a set of all projections of (X, /) on elements of A and Q5'(X, /) be a factor-class 
of QS(X, /) under the relation ~ (see above). 

Among the main results obtained in the paper we can rank the following statements. 

Let (X, /) be a dynamical system with compact Hausdorff phase space and V{X, /) 7^ {!}. 
Then 

— binary relation ^ on ®'(X, /) is the relation of the partial order; 

— there exists a surjcctive map Aq : (QS'(X, /),^) (S(X, /),<) which preserves order 
relation and such that a class of all maximal elements from (03' (X, /), ^) coincides with 
a pre-image of the greatest clement of (S(X, /),<); 

— the ordered class (03'(X, /), ^) is isomorphic to the ordered set (S(X, /), <) if and only 
if d. s. (X, /) is indecomposable (that is the space X can not be presented as a union of 
two disjoint proper closed invariant subsets). 

To receive these results we explore in detail properties of periodic partitions, odometers and 
ultranatural numbers. 

""^It is easy to test, that if the relation ^ is not partial order on 03 then for some d. s. {Y,g) from 21 there is 
a morphism a : (Y, g) {Y, g) such that the map a :Y ^Y is not injective. The problem on existence of such 
minimal dynamical systems is interesting by itself. 



In the last section we extract corollaries from the main results which relates to so-called 
almost one-to-one expansions of odometers, class of dynamical systems, which is intensively 
explored in last time (see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]). 

Finally, author would like to thank Igor Vlasenko, Sergey Kolyada, Vladimir Lubashenko, 
Sergey Maksimenko, Mark Pankov, Aleksander Prishlyak, Vladimir Sergeychuk, Vladimir Sharko| 
and Aleksander Sharkovskiy for discussion of results on seminars and series of valuable notes. 
The separate gratitude I want to express to Sergey Kolyada who has acquainted me with 
modern results on expansions of odometers. 

Preliminaries 

Quotient spaces and factor-maps. 

Let A be a certain set. 

Definition 0.1 Partition of set A is a family {Aa}aeA of nonempty subsets of A which complies 
with the following requirements: 

2) Aar\Afi = ^ for all a, (3 e A, a ^ jS. 

Definition 0.2 Partition {A^}-ygE of A is called the refinement of partition {Aa}aeA ^/ foi^ 
every 7 e E there exists a e A such that A^ C Aa- 

Remark 0.1 Let partition {A^} ^^y. is the refinement of partition {A^} ae\ of A. From property 
2) of definition 0.1 it easily follows that for any a e A and^ e E either A^ C A^ or A^nAa = 0. 

Remark 0.2 There exists a bijective correspondence between partitions of the set A and equiv- 
alence relations on A. 

1) With any partition {Aa\a&K we can associate an equivalence relation p with the help of 
relation 

(oi p 02) <^=^ (3 a e A : oi, 02 e A^) ; 

2) conversely, a partition on equivalence classes corresponds to any equivalence relation a 
on A. 

Let ^4 is a set, 21 = {A^jagA is partition of A. 

Definition 0.3 Set A/^ which elements are the elements of partition 21 is called the factor set 

of A on the partition 21. 

The map pr : A ^ which associate to every element a E A an element A^ € A/'Qi such 
that a E Aa is called projection. 



By analogy, it is possible to define a factor set A/ p under the equivalence relation p (see 
remark 0.2). 

Let X is a topological space, 9) — {Ha\a&K is a partition on X. 

Define topology on the set X/S) by the following rule: say that subset B C X/S^ is open if 
and only if its prc-imagc pr^^{B) is open in X. This topology is named quotient topology and 
it is the weakest topology on X in which the map pr : X ^ X/Sj is continuous. 

Let X and Y are topological spaces, is a partition on X and 3^ is a partition on Y. Let 
/ : X — > y be a continuous map, which translates elements of the partition S) into elements of 
the partition %. Then it is defined a continuous factor-map fact / : X/Sj — > y/X such that the 
following diagram is commutative 

/ 



X 

prx 

X/S) 



fact / 



Y 

pry 

Y/% 



Let again f : X ^ Y is a continuous map. Designate by zcr / a partition of X which 
elements are pre-images of points of Y under map /. Let X be a partition of Y, which elements 
are points of Y. It is clear that pry = Id : Y ^ Y/% is identical map. 



Definition 0.4 Map fact / : X/ zer/ Y for which the following diagram 

f 



X 

prx 

X/zerf 



fcLCt / 



Y 



Y 



is commutative is called one-to-one factor of f . 



That the one-to-one factor is injective it is checked immediately. 

Definition 0.5 A continuous map f : X Y is referred as factorial, // f{X) ~ Y and 
one-to-one factor fact / : X/ zer f ^ Y is a homeomorphism. 

Proposition 0.1 (see. [11]) Suppose that the following requirements are fulfilled for a con- 
tinuous map f : X ^ Y: 

(1) fix) = Y; 

(2) map f is open (is closed). 
Then f is the factorial map. 

In what follows wc will need 

Lemma 0.1 Let X, Yi, Y2 are topological spaces, (pi : X ^ Yi and ip2 : X ^ Y2 are continuous 
maps. 

If the map ipi is factorial then following conditions are equivalent: 
(1) partition zer(fi of X is the refinement of partition zer</72; 



(2) there exists a continuous map ip such that = ip o ip 



1- 



Proof. 1. Let partition zenpi is a refinement of partition zer(/92- Tlien the map 
translates elements of the partition zer ipi in points of space Y2 and the factor-map tt = fact (^2 ■ 
X/ zevifii Y2 is well defined, for which the diagram is commutative 



X 



pri 



X/ zer 9?i 



Yo 



Y, 



Let X = feet (pi : X/ zer ipi 
commutative 



Yi be one-to-one factor of map (/?!, that is the diagram is 



X 



pri 



X/ zer (/?! 



Since the map </?i is factorial then x is homeomorphism of X/ zer</7i onto Yi. 
Consider the continuous map 

■0 = TT o x^^ : Yi ^ I2 • 

We have 

11)0 1^1=710 O Lfi = TX O X^^ O X O P^l = TT O pn = (p2 , 

as it was required. 

2. Suppose that there exists a continuous map ip : Yi ^ Y2 to comply the equality 

We fix an element Hi of partition zerc^i. By definition there exists yi e Yi such that 

Hi = Vi\yi)- Let y2 = ip{yi) E Y2. Then H2 = v^2"'(l/2) = o ipi)-\y2) = (^r'(V'~'(y2)) 2 
V^r^l^/i) ~ Again by definition H2 is the element of partition zer(/92- 

Due to arbitrariness in a choice of clement Hi of partition zer<^i we conclude that the 
partition zcnpi is refinement of the partition zer 992- D 



Categories and functors. 

Definition 0.6 Category /C consists of a class 0/ objects Ob/C and class o/morphisms Mor/C, 
which are linked by following conditions: 

1) certain set Hic{A,B) of morphisms of the category K, is associated to each ordered pair 
A,B e Ob/C; 

2) each morphism of a category K, belongs to one and only one of sets Hic{A,B); 

3) in the class Mor/C the partial binary relation of multiplication is defined as follows: prod- 
uct (3 o a of morphisms a e H!c{A, B) and (5 e Hic{C, D) is defined if and only if B = C 
and in this case (3 o a E Hic{A, D); 

the partial multiplication is associative: 7 o (/3 o a) = (7 o /3) o a for any a G Hic{A, B), 
PeH^{B,C) and^eH,c{C,D); 



4) for every A G Ob/C the set Hic{A, A) contains a unit morphism 1a such that (3 ol^ = (3 
and 1a o a = tt for any morphisms a G Hic{B, A) and (3 G Hic{A, C). 

Definition 0.7 Category £ is called subcategory of category K. if 
a; Ob£ C Ob/C; 

6; Mor£ C Mor/C; 

c) unit morphisms of £ are unit morphisms of ]C; 

d) composition (5 o a of morphisms a, (5 & Mor£ coincides with composition of these mor- 
phisms in fC. 

Definition 0.8 Subcategory £ of category K, is named complete subcategory if H^i^A, B) — 
Hic{A, B) for every A, B e Ob£. 

Definition 0.9 Morphism a : A ^ B is referred as monomorphism of category JC (a G Mon/C^ 
if for any two morphisms a, (5 : X ^ A the equality a o a — a o (3 implies a — p. 

Definition 0.10 Morphism v : A ^ B is called epimorphism (i/ G Ep/Cj if for any a, 13 : 

B from equality a o v = j3 o v follows that a = (3. 

Definition 0.11 Morphism p : A ^ B is named bimorphism (p G Bim/Cj if P ^ Mon K fl 
Ep/C. 

Definition 0.12 Morphism (p : A ^ B is called isomorphism ((p G IsofC) if there exists such 
morphism ip : B ^ A that ip o (f — 1^ and (p o — 1^. 

Definition 0.13 Two objects A, B e Ob/C are referred as isomorphic if Hfc{A, i?)nlso/C 7^ 0. 

Definition 0.14 Complete subcategory 3 of category /C which contains exactly one represen- 
tative from each class of isomorphic objects of category /C is called skeleton of category /C. 

Definition 0.15 Object Or of category /C is named right zero of category K if for every A G 
Ob/C there exists a unique morphism aA A ^ 0^.- 

Definition 0.16 Object 0/ is called left zero of category K if for every A G Ob/C there exists 
a unique morphism (3a '■ Oi ^ A. 

Definition 0.17 By a (monadic) covariant functor from a category K, to a category £ we shall 
mean correspondence F : /C — > £ which satisfies the following requirements: 

1) F{A) G Ob £ /or every A G Ob/C; 

2) F{a) G H^{F{A),F{B)) for every a G H^{A,B); 

3) F{1a) — 1f(A) for any unit morphism of category /C; 

4) ifae Hic{A,B), (3 G H^{B,C) then F{f3 o a) = F{(3)oF{a). 

Definition 0.18 Monadic covariant functor which bijectively maps category K, on a category 
£ is called isomorphism of categories. 
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Dynamical systems. 

Definition 0.19 Dynamical system with discrete time is a pair {X, f ), where X is a topological 
space and f : X —>■ X is a homeomorphism. Space X is called phase space of this dynamical 
system. 

Consider a category /C which objects are dynamical systems and morphisms of dynamical 
systems (X, /) and {Y, g) are continuous maps h : X their phase spaces, for which the 

diagram is commutative 

X -^-^ X 

(1) 

Y ^-^ Y 

Further we shall designate a morphism h of object {X, f) in (Y, g) as follows 

h:{XJ)^{Y,g). 

Definition 0.20 Morphism h : {X,f) — (Y,g) is ca/Zec? imbedding of dynamical system {X,f) 
in (Y, g) if the map h is injective. In this case {X, f) is named subsystem of the dynamical 
system (F, g). 

Definition 0.21 Morphism h : {X,f) — > {Y, g) is called projection if h{X) = Y. 

The dynamical system {Y,g) is named factor-system of the dynamical system (X,/). 
The dynamical system {X, f) is named expansion of the dynamical system (F, g) . 

Definition 0.22 Dynamical systems (X, /) and (Y, g) are topologically conjugate if there ex- 
ists such morphism h : {X, f) (Y, g) that the map h : X ^Y is homeomorphism of the space 
X onY. 

In all further considerations we shall restrict ourselves to the complete subcategory /Cq of 
/C, which objects are dynamical systems with HausdorfJ compact phase spaces. We shall name 
them dynamical systems or flows. 

Definition 0.23 Let (X, /) is a dynamical system (space X is HausdorfJ and compact). Subset 
Ac. X is called invariant set of {X, f) if f(A) — A. 

With each point a; G X of phase space of the dynamical system {X, f) it is usual to associate 
following invariant sets: 

- trajectory of the point x 

Orb/ (a;) 



- closure Orb/(a;) of the trajectory of x] 

- a and a;-limit sets of the point x 

a(x)=f|UW, 

n<0 k<n 



= U /"(^) ; 



^(^) = n u /'(^) ■ 

n>0 k>n 



Definition 0.24 Point x is called stable by Poisson in negative (positive) direction if a{x) = 
Orb/(a;) ( if uj{x) = Orb/(a;)^. 

Point X is called stable by Poisson, if a{x) = uj{x) = Orbj(j;). 

Definition 0.25 Point x is called recurrent, if for any neighborhood U of x there exists such 
n{U) e N that for every A; e Z inequality is fulfilled 

k+n(U)-l 
i=k 

Definition 0.26 Point x is namec? almost-periodic, if for any neighborhood U of x there exists 
such n{U) e N that 

Remark 0.3 Last definition is in no way conventional. 

There is an other nomenclature (see [12, 21]) in which points stable by Poisson are called 
recurrent, and recurrent points are called almost-periodic. 

Definition 0.27 Nonempty closed invariant set A X is called minimal set of dynamical 
system (X, /) if A does not contain any proper closed invariant subset of this dynamical system. 

It is easy to see that for an object {X, f) of category /Co any minimal set A is characterized 
by the following property: Orb/(a;) = A for every x & A. 

Further we will need the following theorem (see [13, 14, 21]) 

Theorem 0.1 (BirkhofF) Each object {X,f) of ICq complies with the following statements: 

- for every x & X the sets a{x) andui{x) contain some minimal subsets of dynamical system 

- for any recurrent point x & X the set Orb/ (a;) is minimal; 

- each point x & A of an arbitrary minimal set A is recurrent. 

Definition 0.28 Dynamical system {X, f) is called minimal, if its phase space X is a minimal 
set. 

In what follows we will take an advantage from the following 

Lemma 0.2 Let (XJ), {Y,,g,), {Y2,g2) e Ob /Co, : (XJ) ^ (^1,^1) and ^2 : (XJ) ^ 
(^,5'2) are morphisms. 

Suppose the map (pi : X ^ Yi is surjective. Then the following conditions are equivalent: 

(1) partition zenpi of X is refinement of the partition zer(/72; 

(2) there exists a morphism ip : {Yi,gi) — > (1^2, 5^2) such that ip2 = ip o ip^. 



Proof. 1. Suppose that partition T,Qiip\ of space X is the refinement of partition zer(/92- 

It is known, that any continuous mapping of a compact set into Hausdorff space is closed 
(see [11]). It is known also that continuous surjective closed map is factorial (see proposi- 
tion 0.1). 

Thus, the surjective map of compact sets </7i : X — > Yi is factorial and we are in the 
conditions of lemma 0.1. 

Hence, there exists a continuous map ■.Y\^Y2 such that 1^2 = o V^i. 
Let us check commutability of the diagram 



91 



92 



-> Yo 



Fix yi G Yi. Since the map (pi is surjective on the condition of Lemma then there exists 
X G Vi^ivi) C X. Therefore g20ip{yi) = 5^2 o "0 o (a^) = g20^2{x) = <^2o/(x) = ijoipiof{x) = 

Due to arbitrariness in the choice of yi G Yi we conclude that ipogi = g20ip and ip G Mor/Co. 

2. Suppose there exists a morphism ip : {Yi, gi) — >• {Y2, 5^2), such that (p2 = ip ° ^i- 
Then ip2 — ip o f^i : X ^ Y2 and the further proof is an exact repetition of the second part 
of proof of Lemma 0.1. □ 



1 Periodic partitions. 

1.1 Definition of periodic partition. 

Suppose we have a compact Hausdorff space X and a homeomorphism f : X ^ X. 

Definition 1.1 We call a finite family W^^™) = {W^/^^j^o^ of subsets of space X periodic 
partition of dynamical system {X, f) of length m, if it satisfies to the following requirements: 

(i) allW^""^ are open-closed subsets ofX; 

(n) W^^ = f{Wtl), i^l,...,m-land W^^ = f{W^],); 

(Hi) Wl"^^ n Wf"^ = when i ^ j; 

Definition 1.2 Set of all lengths of all possible periodic partitions of dynamical system {X, f) 
we call a set of periods of the dynamical system {X, f) and designate it V{X, /). 

Remark 1.1 For any dynamical system {X,f ) the set V{X,f ) is not empty. Really, always 
exists trivial periodic partition W'^'^^ = {Wq^^ = X} of the dynamical system {X, /) of length 

levixj). 
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Remark 1.2 Let W^™'^ = {W^ }™q^ is a periodic partition of dynamical system {X,f) of 
length m. From properties (ii) and (Hi) of Definition 1.1 it immediately follows that for every 
n & 7^ we have 

/""(VF'o™''') = wj^"^^ when n = i (mod m) and 

More commonly 

f^{w}"^^) — Wj"^^ when n = j — i (mod m) and 

/«(PV.(™)) n = when n^j-i (mod m). 

The base properties of the set V{X, /) are described by two following statements 

Proposition 1.1 Let m e V{X, f) and m is divided by d eN. Then d e V{X, /). 

Proof. Let {W-"^^}™Lq^ be a periodic partition of length m. Let us present m as m = ad, 
a e N. Consider a family of sets 

k=0 se{0,...,m-l} , 

ssj (mod d) 

It is obvious that the family {Vj'^^}'^zlj defined in this way complies with properties (i), (iii) 
and (iv) of definition LI. Let us check that it satisfies to property (ii) of this definition. 

Since m = (mod d) then congruences s = j (mod d) and s = j+tm (mod d) are equivalent 
for all teZ. On the other hand, f^'"(W^"'^) = W^"'\ t e Z, s ^ 0, . . . ,m - 1. Therefore 

sG{0,...,m-l} , t£Zse{0,...,m-l} , 

ssj (mod d) ssj (mod d) 

= U U nwt^)= U ^(^o"'^ 

teZ re{tm,...,{t+l)m-l} , reZ , 

r=j (mod d) r=j (mod d) 

The vahdity of property (ii) of definition 1.1 is the obvious corollary of this sequence of equal- 
ities. 

Proposition is proved. □ 

Proposition 1.2 Let mi,m2 G V{X,f) and D is the least common multiple of mi and m2. 
Then D e V{X, f). 

To prove Proposition 1.2 we need some additional inspection which will be done in the 
following subsection. 



1.2 Main properties of periodic partitions. 

It is clear that for any m G V{X, /), m > 1, there exist more than one periodic partition of 
dynamical system {X,f) of length m. Really, fix a partition = {W^"^^}^^^^. With the 

help of cyclical permutation of indexes in the partition W^"^^ it is possible to construct periodic 
partition W^^'^k) = {14a(")(A;)}^o\ 

Wj"^^ (k) — wj^"^^ when j = i + k (mod m) j — 0, . . . ,m — 1 , 
for arbitrary fee {1, . . . , m — 1}. 

Definition 1.3 Let m G V{X,f). Two periodic partitions of dynamical system {X,f) are 
called equivalent if one partition could be obtained from the other by means of cyclical permu- 
tation of indexes. 

Wc ask a question: if V{X, /) 7^ {1} then under what conditions on {X, f) and m G V{X, f) 
every two periodic partitions of length m are equivalent? 

Definition 1.4 We say that dynamical system {X,f) is indecomposable if it satisfies to the 
following property: 

(A) If X — XiU X2, Xi n X2 = and Xi, X2 are closed invariant subsets of {X, f), then 
either Xi = or = 0. 

Renicirk 1.3 Assume K is a closed invariant set of {X,f) and W^'^^ = {wj;"^^}™LQ^ is a 
periodic partition of length m. 

For every i = 0, . . . , m — 1 we have 

f{wt^ nK) = fiwt^) n f{K) = f{wt^) n k , 

therefore, in particular w'f^^ r\K ^ ^, i = 0, . . . , m — 1, and if K is open-closed in X then the 
family {v}"^^ — W^^^ fl K}^q satisfies to properties (i) - (Hi) of Definition 1.1. 

Proposition 1.3 Letm G V{X,f), m> 1. Dynamical system {X,f) is indecomposable if and 
only if there exists unique up to the cyclical permutation of indexes periodic partition W^'^^ of 
length m. 

Proof. 1. Assume that W^"^^ and W^"^^ are two nonequivalent periodic partitions of dynamical 
system {X, f) of length m. 

From property (iv) of Definition 1.1 it follows that with the help of cyclical permutation 
of indexes in one of partitions we can achieve that V^q*"™'' = W^q™"* fl 7^ 0. Under our 

supposition W^"^^ ^ W^'^\ Let, for instance, K = wl^""^ \ Wl^"''> ^ 0. 

Designate y/™-* = fiV^"'^), i = l,...,m — 1. Remark, that v/™-* C wj;"^\ therefore 
V^^^ n Wq"^^ — when i — 1, . . . ,m — l. This follows from the requirement (iii) of definition 1.1. 

On the other hand, 

f{v^\) = = /™(Wo^"^ n w^""^) = /™(i^o^"^) n f'^iw^"'^) = w^""^ n w^""^ = v^"^^ . 

The third equality is valid since / is the homeomorphism, the penultimate equality follows from 
the requirement (ii) of definition 1.1. 



Hence, 

m—1 m—1 

^1 = U = U /^(^o™^) 

i=Q i=0 

is the invariant subset of (X, /) (then also X2 = X \ Xi is invariant). In this case Xi 7^ on 
the construction and X2 ^ since Xi n = kJ""^ and wjf^^ \ kJ""^ = K cX\Xi. 

From the requirement (i) of Definition 1.1 it follows, that the set Vq™'^ is open-closed (and 
then all V^"^^ are open-closed). Therefore, the sets Xi and X2 are open-closed in X. 

So, the dynamical system (X, /) is not indecomposable. 

The case Wq"^^ \ Wq^^ 7^ is considered similarly. 

2. Backwards, we shall assume that dynamical system (X, /) is not indecomposable. We 
fix a partition X = Xi U X2 of X on two proper disjoint invariant closed subsets. Mark, that 
the subsets Xi and X2 are open in X as well. 

We fix periodic partition W^"^^ = {^"/"'^lllo^ of /) of length m. 

Nonempty families of sets {f/""^'^ = W^^""^ nXi}^o^ and {f/""^'^ = W^^^^MXal^o^ comply 
with properties (i) - (iii) of Definition 1.1 (see Remark 1.3). 
It is easy to see that 

m—1 m—1 m—1 

Since Xi n X2 = 0, then Vr^""^' ^ n v}""^' ^ = for every r, s e {0, . . . , m - 1}. 
We set _ 

^ u ^ = 1, . . . ,^ - 1 , 

The immediate check shows that the family {W^^^}'^^ is the periodic partition of (X,/) of 
length m. In addition W^'^^ W^"^^ = V^^^^ ^ and W^^ \ W^"^^ = V^Ji'' ^ 0. 

Therefore, the family {VF/"*^} can not be obtained from {VF/"*^} by cyclical permutation of 
indexes. □ 

Let mi, 777,2 G 'Pi^-i /)• Suppose d and D are the greatest common divisor and respectively 
the least common multiple of numbers mi and 7712- 

We consider periodic partitions {W^^^'^jl^LV^ and {Prj™'^}™V^ of (X, /) of lengths 77ii and 

777.2- 

Proposition 1.4 Let for some A; e {0, . . . , 77ii — 1}, Z e {0, . . . , 7772 — 1} intersection fl Wi 
is not empty. 

Then the family {Vs^^ = /*(W^fe™^'* H ly/™^"*)}^^ complies with the requirements (i) — (iii) 
of Definition 1.1. 

Proof. The set V^^^ = wj:"'''^ n H^/™'^ is open-closed in X by definition 1.1. Since / is 
the homeomorphism, then all Vs^^ are open-closed in X and the family {v}^^} satisfies to the 
requirement (i) of Definition 1.1. 

Again, taking into account the bijectivity of / we shall receive 

riw^""'^ n Wi^""'^) = riw^""'^) n riw^""'^) , s e z , (2) 



In particular 

since by definition D = (mod m^), r = 1,2. By this the fulfillment of property (ii) of 
Definition 1.1 is proved. 

Taking into account property (ii) of Definition 1.1 and equality (2), for the proof of prop- 
erty (ni) it is enough to us now to show that Vq^^ fl Vs^^ — <J), s — 1, . . . , D — 1. 

Assume, that Vq^^ fl /^{Vq^^) ^ for certain s ^'L. Then, in particular 

w^^'^ n r^w"^'^) ^ , w/'"^) n riwl"^'^) ^ , 

and it is possible by Remark 1.2 only if s = (mod mi) and s = (mod m2), that is, only when 
s is the common multiple of numbers mi and m2. Hence Vq*^'^'' fl Vg ^"^ = for s = 1, . . . , D — 1 
and the family {Vg^^} complies with the condition (iii) of Definition 1.1. □ 

We designate 

yi^)(fc, /) = nwt^^ n wi'-^^) , . = 0, . . . , - 1 , 

D-l 

A{Kl)=[jV^^\Kl). 

s=0 

Prom Proposition 1.4 follows, that A(k,l) is open-closed invariant subset of {X,f), and if 
Vo^\k,l) 7^ 0, then the family {Vs^^\k,l)}^~Q is periodic partition of the dynamical system 
{A{k,l)J\A(k,i)) of length D. 

Remark 1.4 If dynamical system {X,f) is indecomposable, then either A{k, I) = or A{k,l) = 
X, and in this case {Vs^\k, 1)}^=^ is periodic partition of the dynamical system {X, f) of length 
D andDe V{XJ). 

From property (iv) of Definition 1.1 it follows that there exist k, I, for which the set A{k, I) 
is not empty. According to what has been said we conclude that Proposition 1.2 is valid for 
indecomposable dynamical systems. 

Generally speaking, if dynamical system (X, /) is not indecomposable, it is not necessary 
that A{k, I) e {0} U {X}. 

Definition 1.5 Let mi,m2 G V{X,f). Periodic partitions W^'^^'> and l^^"^^) qJ dynamical 
system {X, f) are called compatible, if for any A; e {0, . . . , mi — 1}, Z e {0, . . . , m2 — 1} either 
A{k,l)^$ orA{k,l)^X. 



Remark 1.5 It easily follows from Proposition I.4, that if m2 = mi, then compatibility of 

-r(Tn2)\m2- 

■'3 Ji=o 



partitions {W^/'"^^}i=o ^ and {W^i"'^''}^=o ^ means, that these two partitions are equivalent. 



Remark 1.6 The immediate corollary of definitions of equivalence and compatibility of periodic 
partitions is the following statement. ^ 

Let periodic partitions W^"^^^ and ly^'"^) q^^.^ compatible. If partition W^"^^^ is equivalent to 
the partition W^'^^\ then periodic partitions W^'^'^^ and W^'^^^ are compatible. 



If for some mi, m2 G V{X, f ) there exist compatible partitions of space X of lengths mi and 
m2, then iterating argument from Remark 1.4 we can claim, that the least common multiple 
D of numbers mi and m2 belongs to V{X, /). Hence, the proof of Proposition 1.2 is reduced 
to verification that for any pair mi, m2 G V{X,f) there exist relevant compatible periodic 
partitions of the dynamical system (X, /). 

In the rest of subsection we shall prove a somewhat more common 

Proposition 1.5 Letmi, m2 E V{X, f). For any periodic partition W^"^^^ of dynamical system 
{X, f) of length mi there exists a periodic partition W^'^^^ of length m2, which is compatible 
with the partition W^"^''-\ 

Corollary 1.1 Let dynamical system {X,f) is indecomposable. Then any two periodic parti- 
tions of {X, f) are compatible. 

In order to prove Proposition 1.5 we shall study some properties of the constructions given 
above. 

From Remark 1.3 it follows that the family {wl"^''^r\A{k, /)}^o, = 1, 2, is periodic partition 
of length mr for a dynamical system {A{k, I), f\A{k,i))- 

Following statement gives the answer to a question about correlation of periodic partitions 
{Vs^''\k, 0}f=V and {Wr^ n A{k, 0}^), r = 1, 2 of the dynamical system {A{k, I), f\Aik,i)). 

Lemma 1.1 LetV^^\k,l) 7^ 0, i G {0, . . . , mi - 1}, j G {0, . . . , m2 - 1}. 

Ifj-i = l-k (mod d), thenWi'^'^r\W'f'^^ C A{k,l). Moreover W^"^'^ r\Wf^^^ = V^^\k,l), 
where sg{0,...,D — l}isa solution of the following system of congruences 

{s = i — k (mod mi) , , . 

s = j — I (mod m2) . 

Ifj-i^l-k (mod d), then (P^^""^^ n H^J™'^) n A{k, I) = 0. 

Remark 1.7 We remind, that the system (3) is compatible if and only if j — i = l — k (mod d) 
(see [15]). 

Proof of Lemma 1.1. 1. Let j — i = I — k (mod d). Then there exists unique (mod D) 
solution s of system (3) (see [15]). Therefore, 

A{k, I) D v^''\k, I) = f'iwl'^''^ n wl"^'^) = riw'^'^) n /^(ly/'"^') = 

ji^k^^im,)^ n p-'(w^/"*^)) = 

f\wt'^) n f^iw^"^'^) = w^""'^ n w'f'^ . 

Here we have taken advantage of that / is the homeomorphism and, in particular, maps / and 
f~^ are one-to-one. 

2. We shall assume now that {W^'^^^ n w'p^^) n A{k, I) ^ 0. Then there exists s G 
{0, ...,£>- 1}, such that 

^ {w^^'^ n wf^^^) n v^''\k, I) = {wt'^ n wf^^^) n {riwi"^'^) n riwj;'^^^)) . 

Hence, W^""'^ n /'(W^i™'^) ^ and H^j™'^ n /^(H^/™'^) ^ 0. From Remark 1.2 it follows now, 
that s satisfies to system (3), and in particular i — k = j — I (mod d). □ 



J-KJ 



Corollary 1.2 Let for some ki, k2 G {0, . . . , mi — 1}, /i, /2 € {0, . . . , m2 — 1} sets A{ki, h), 
A{k2i h) are not empty. 

Ifki -k2 = h-l2 (mod d), then A{ki, h) = A{k2, h)- Otherwise A{ki, h) n A{k2, h) = 0- 

Proof. We already know that ^(/ci, li) and A{k2, h) are closed invariant subsets of dynamical 
system (X,/). 

1. Suppose, ki — k2 = h — h (mod d). Then according to Lemma 1.1 we have {W^^^^ fl 
W^/r^) ^ Mk2,l2). Hence, 

D-l D-1 

^(^1, k) = U r (^"^ n c y r (^(^2, /2)) = A{k2, k) . 

s=Q s=Q 

Changing roles of A{ki.li) and A{k2,k): wc shall receive the inverse inclusion. 

2. Suppose now that ki — k2 ^ k — k (mod d). Then 

= [jr{wi-^^nwl-^^)nf{A{k2,k)) = 

s=0 

D-l 

= U /'(^ir^ n n Aik2, k) = A(^i, h) n A(^2, ^2) ■ 

s=0 

Corollary is proved. □ 

Corollary 1.3 If for some A; G {0, . . . , mi — 1} and / G {0, . . . , m2 — 1} the equality ^(/c, /) = X 
is valid, then periodic partitions W'^'^^^ and H/^'"^) q^^q compatible. 

Corollciry 1.4 If for some A; G {0, . . . , mi} and Z G {0, . . . , m2} there exists a set K Q wj^'^^ fl 
W^'^^\ such that 

U r (K) = X , 

^/len periodic partitions arac? H^^"*^) are compatible. 

Proof. The statement of Corollary follows from the chain of equalities 

A(A;,0 

and from Corollary 1.3 □ 

Corollary 1.5 Let W^'^'^^ D W^/""'^ for some k e {0, . . . ,mi - 1} and I E {0, . . . ,m2 - 1}. 
Then 

1) partitions W^'^^'^ andW^'^'^^ are compatible; 

2) mi divides m2. 



Proof. 1. Set K = w['^^\ From property (iv) of periodic partitions and from Corollary 1.4 
it follows, that periodic partitions {VT/™^''} and {lyj-'"^''} are compatible and A{k,l) = X. 

2. From Lemma 1.1 follows, that W-"^^^ Pi W^"^^^ 7^ if and only if i = A; (mod d). 

Assume, that d ^ mi. Then there exists r G {0, . . . , mi — 1}, r 7^ /c, such that r = 
k (mod d). Hence, W^""'^ n w/""'^ 7^ 0. From the other side, we have W'f^''^ C w''^''^ on 
condition of Corollary and W^^"-^ n W^i""'^ = by Definition 1.1. 

The obtained contradiction proves, that d — m\ and mi divides m2. □ 

Corollary 1.6 Let m\^mi G V{X,f) and 1712 is divided by mi. 

Periodic partitions and W^"^'^^ are compatible if and only if the partition {Wj"'^^} of 

space X is refinement of the partition {W-"^^^}. 

Proof. 1. Necessity. Suppose periodic partitions W^"^'^^ and W^"^^^ are compatible. 

We find A; e {0, . . . , mi - 1} and Z e {0, . . . , ma - 1}, for which wlf"'^ n W^/""'^ 7^ 0. Then 
A{k,l)^X. 

Since mi divides m2, then d = rrii. 

We fix j e {0,...,m2 - 1}. From Lemma 1.1 it follows, that VT/"'^ H W^j""'^ 7^ if 
and only if i = j — I + k (mod mi). There exists a unique r e {0, . . . , mi — 1}, such that 
T = j — I + k (mod mi). Since 

mi — 1 

X^ [j W^"^'^ 

and W^""'^ n W^j™'^ = when z e {0, . . . , mi - 1}, « 7^ r, then W^""'^ C H/i"'^^ 

By virtue of arbitrariness in the choice of j e {0, . . . , m2 — 1} we conclude, that the partition 

{Wj"''^ of space X is refinement of the partition {W^'^^^}. 
2. Sufficiency follows from Corollary 1.5. □ 

Proof of Proposition 1.5. Assume that W^'^'^^ is periodic partition of length mi. We fix 

some periodic partition VT*^™^-* of length m2. 
Consider the following sets 

mj) = [jr {wt'^ n , J = 0, . . . ,m2 - 1 . 

Obviously, 

m,2 — l m2 — 1 m2 — 1 

^^m,)^^{rm)^ y y (^ly^S'^i) n w^j"^^)) c y A{o,j). 

j=0 j=0 j=0 

Since A{0,j), j — 0, . . . , m^. — 1, are the invariant subsets of (X, /), then 

1712 — 1 m2 — lmi — l mi — 1 /m2 — 1 \ mi — 1 

U ^(0'^)= U U /^(^(0'^))= U /M U ^(0'^)b U fwt'^) = x- 

j=0 j=0 i=0 i=0 \ j=0 / i=0 

We know from Corollary 1.2 that ^4(0,^) = A{0,k) when j = k (mod d) and /1(0, j) n 
^(0, k) = iij ^k (mod d), therefore 

d-l 

X^[jA(0,j). 

j=0 



In the last equality all sets A(0,j) are pairwise disjoint. Some of these sets can be empty. Let 
Ai = A(Q, ki), . . . , Ai = A{Q, ki) are all nonempty subsets from the family {^(0, j)}^^Q. 
Designate 

Then 

^ = U = U U K^"^ (^■) = ufu K^"^ (^■)) ' (4) 

j=l j=l s=0 s=0 \j=l J 

Remark, that vF\i) n V^^\j) = if s ^ r or « 7^ j. 

Really, Vs^^\i) C ^i, C Aj, therefore on construction V^'^\i)r\Vr^^\j) C Air\Aj = 

when i 7^ j. 

Let now i — j. Prom Proposition 1.4 we know, that the family {Vs^\i)}fSQ satisfies to 
properties (i)-(iii) of Definition 1.1. Hence, Vs^\i) fl Vr^\i) — when s ^r. 
We set 



'0 ~ 



According to what has been said, we have n W^^^ = when s 7^ r, that is the 

family {Ws}f^Q complies with the requirement (iii) of Definition 1.1. Prom the formula (4) 
it follows, that this family satisfies to property (iv) of the indicated definition as well. 

We recollect, that all systems of sets {Vs^\i)}f^f^, i = 1, . . . , /, satisfy to properties (i)-(iii) 
of Definition 1.1. Prom this in the first place it follows, that all sets of family {wi^^} are 
open-closed in X, secondly 



;(D) 

So, the system of sets {Ws^^}fSQ is periodic partition of {X,f) of length D. By this we 
completely have proved Proposition 1.2. 

Periodic partitions and l^(^) are compatible since W^^^ C W^""'^ on construction 

(see corollary 1.5). 

We designate 

^m,)= U ^s'^K ^ = 0,...,m2-l. 

se{0,.. .,£)-!} , 
s=k (mod 7712) 

The easy immediate check shows, that is the periodic partition of length m2 (see 

proof of Proposition 1.1). 

It follows from^oroUary 1.4 that periodic partitions W^'^'^^ and VF^"*^) compatible since 

Proposition 1.5 is completely proved. □ 



Remark 1.8 Generally speaking, if dynamical system (X, /) is not indecomposable, then start- 
ing from an arbitrary fixed partition W^"^^^ it is possible to construct more than one periodic 
partition of length m2 compatible with a given partition VF^"*^^ of length mi. 
Namely, using notation introduced in the proof of Proposition 1.5 we assume 

where tj = (mod mi), tj & {0, . . . , D — 1}, j — 1, . . . ,1. Then, from Remark 1.2 we conclude 
that ^ 

wi''\ti,...,t,)<^w'r'\ 

Designate 

Wlr'\ti,...,ti)^ U f\W\tu---.ti)). A; = 0,...,m2-1. (5) 

se{o,...,D-i} , 

s=k (mod m2) 

Now we can show, having applied the same argument as in the proof of Proposition 1.5, that 
the family of sets {W^^\ti, . . . , t/)}^o ^ is periodic partition of length m2, compatible with the 
partitioriW^"'^\ ^ 

Let wlf^^\ti, . . . ,ti) and Wr"^^\ri, ■ ■ ■ ,ri) are two periodic partitions of form (5). Substi- 
tuting them on equivalent, without breaking the compatibility relation it is possible to achieve, 
that ti — Ti — (see Remark 1.5). We can easily see, that 

m2 — 1 

[j {w^^-\Q,t2,...,ti)nwi^-\Q,T2,...,Ti))^Aii^ y A^. 

je{2,...,i} 

Hence, periodic partitions {W^'^^\0, t2, • ■ ■ , ti)} and {^^^^"'^(O, T2, . . . , n)} are compatible if and 
only if tj = Tj for all j G {2, . . . , /}. 

Remark 1.9 Obviously, relation of the com,patibility of two periodic partitions is reflexive and 
is symmetrical. However previous note shows, that generally speaking this relation is not tran- 
sitive. 

1.3 Sequences of periodic partitions. 

In this subsection we shall prove a number of statements in order to analyze the transitivity 
problem of the compatibility relation of periodic partitions. The statements we are going to 
discuss will be used in further constructions. 

Later on the following objects will be necessary for us. 

Definition 1.6 Let a sequence of numbers {ui G /)}jgN is given. 

We call a sequence of periodic partitions of dynamical system {X,f) regular, if 

it satisfies to the following conditions 

1) Uk divides n^+i, k G N; 

2) partitions {Wg^''^} and {Wg^^^^^} are compatible for all A; G N. 



Remark 1.10 Using Corollary 1.6, it is easy to verify that every regular sequence {W'^'^'^'^^km 
of periodic partitions of dynamical system (X, /) complies with the requirement 

3) periodic partitions {Ws^^^} and {VFi"'"*} are compatible for all k,l eN. 

Really, let k, I & N, k < I. In accord with Corollary 1.6, partition {wi\'^} of space X is the 
refinement of partition {Ws^^'^^^} for every i e N. Hence, partition {Ws^^^} is the refinement of 
partition {wi^''^}. Using again Corollary 1.6 we conclude that partitions {wi"'^} and {Ws^^^} 
are compatible. 

Proposition 1.6 Let a sequence of numbers {n^ € V{X, f)}^^^ is given, which complies with 
requirement 1) of Definition 1.6. 

There exists a regular sequence {VF^"*^}^^^ of periodic partitions of dynamical system {X, /). 

Proof. This statement is easily proved by tlie inductive application of Proposition 1.5. □ 

Proposition 1.7 Let a regular sequence {^^'•"''^jfcGN of periodic partitions of dynamical system 
{X, f) is given. 

Let mi, m2 G V{X, f) and mi divides m2. 

Then 

a) there exists periodic partition {VF/"^^^}^q~^ of length mi, which is compatible with each of 
paHitions {M^i^^}; k e N; 

b) for any periodic partition {W'f"'^^} complying with item a) of the proposition there exists 
periodic partition {W^j'"^''}^o"^ of length m2, which is compatible with {W^^^''} and with 
each of partitions {Ws^^"*}, /c G N. 

Proof of Proposition 1.7 is based on three lemmas. 
Let mi, 7722, n G V{X, /), and mi divides m2. 

Designate by di the greatest common divisor of numbers n and m^, i = 1,2. Let also Di be 
the least common multiple of numbers n and mj, i = 1,2. 

Lemma 1.2 Let {W^'^^'^jfS^ and {M^i"^}fc=o periodic partitions of dynami- 

cal system {X,f) of lengthsmi, m2 andn, accordingly. Suppose, partitions {wjf^} and {W^^^^} 
are compatible. 

If the partitions {W^"^^^} and {l^j™^''} are compatible, then the partitions {W^"^^^} and 
{^i"'*} ^'^^ compatible too. 

Lemma 1.3 Let di = d2. 

Let {Wt^^}-}^' and {w'-^}l are compatible periodic partitions of dynamical system 

{X, f) of lengths mi and n, respectively. 

Then any periodic partition {wj™^''}™?o~^ of length m2, which is compatible with the partition 
{W^^^^}, also is compatible with the partition {VF^"''}- 



Lemma 1.4 Let Di = D2- 

Let {wt'^}T2o-' and {wi^^r, are compatible periodic partitions of dynamical system 
{X, f) of lengths mi and n, respectively. 

Then there exists periodic partition {W^^'^^}^!^^ of length 777.2, which is compatible both with 
the partition {VF/'"^^} and with the partition {W^^}. 

Proof of Lemma 1.2. Substituting partition {M^j™^''} on equivalent, we can regard that 
W^o™^'* flH^Q™^'* 7^ (see. Remark 1.6). Then, applying Corollary 1.6, we shall receive inclusion 

Similarly, substituting partition {VF^"^} on equivalent, we shall regard that K — W^'^ fl 
Wo^"""^ ^ 0. Prom Definition 1.5 it follows, that 

D2-1 



On the other hand, K = W^""^^ D W^""^ C W^""'^ n W^'"\ therefore from Corollary 1.4 it 
follows, that partitions w}^^^ and W^"'^ are compatible. □ 

Proof of Lemma 1.3. As di — ^2 and di divides ttii, then ^2 divides mi. 

The replacement of a periodic partition on an equivalent does not affect the relation of 
compatibility (see note 1.6), therefore we can assume, that Wt^ n Wo^"^^ ^ and W^''^ n 
^ 0. Since partitions {W^""'^} and {W^""'^} are compatible, then W^""'^ C W^""'^ (see 

Corollary 1.6). Hence, W^"-^ H W^""'^ ^ 0. 
We designate 

Taking into account Corollary 1.3, to complete proof of lemma it is enough to check the equality 
A^X. 

Consider the pair of compatible partitions {VF/"*^^} and {wj"*^^}. Prom Definition 1.5, 
Lemma 1.1 and Corollary 1.6 we receive 

"12 — 1 

s=0 se{0,...,m2-l} , 

s=0 (mod mi) 

Consider now the pair {VTj^"''} and {PFJ™^'*} of periodic partitions. 
From Lemma 1.1 wc get 

w^o^"^ n A = w^'"'^ n U w;^'"^) . 

re{0,...,m2-l} , 
r=0 (mod ^2) 

As d2 divides 777i, then congruence r = (mod ^2) is the consequence of the congruence 
r = (mod 7771) and 

re{0,...,m2-l} , re{0,...,m2-l} , 

r=0 (mod mi) rsO (mod di) 



Hence, W^q ^ ^ ^^o n ^ C A. But the set A is /-invariant, therefore 

Di-l _Di-l 
s=0 s=0 

Last equahty is vahd, since periodic partitions {VF/"^^^} and {VF^^"^} are compatible. □ 

Proof of Lemma 1.4. Taking into account Remark 1.6, we shall regard that W^^^^W^^'''^ ^ 
0. Designate 

Vs^r[wir^r^wt'^) , s = o,...,A-i. 

Since periodic partitions {Vr^"''} and {VT/™^''} are compatible and D2 = i^i on a condition of 
Lemma, then 

Di-l D2-I 

^ = u = u 

s=0 s=0 

and {Vs}'^._ ^0 is a periodic partition of dynamical system (X, /) of length D2- 
We set 

U i = 0,...,m2-l. 

sG{0,...,D2-l} , 
s=j (mod m2) 

We receive periodic partition of dynamical system (X, /) of length m2 (see proof 

of Proposition 1.1). 

We shall prove now, that this periodic partition is compatible with each of partitions 
{Wt'^} and {Wt^}. 

On construction we have Vq = wlf^''^ n W^J"^ C W^""'\ therefore Vo = W^""'^ n W^q^"^ C 
Wq"^^^ n Wq"'\ Now from property (iv) of Definition 1.1 and from Corollary 1.4 it follows, that 
periodic partitions {VF!/™^''} and {VF^^"''} are compatible. 

Similarly, on construction Vq = Wl^""'^ n Tl^o^"^ C W^""'^ and K, ^ wl^""'\ Hence, Vq C 
Wq"^^^ n PFo™^'' and from Corollary 1.4 we receive, that partitions {W- "^''^} and {lyj™^''} are 
compatible. □ 

Proof of Proposition 1.7. 

a) Let dl is the greatest common divisor of numbers Uk and mi. Prom condition 1) of 
Proposition it follows, that Uk+i is divided by dl for alH e N. Therefore 

dl<dl< ... <dl< ... . 

On the other hand, dl < mi for all k E N. Hence, there exists I e N, such that dl — d\ 
when k > I. 

By using Proposition 1.5, we find periodic partition {W^"^^^}"!}^'^ of length mi, which is 
compatible with the partition {W^i"'''}. Show, that for every /c e N this partition is compatible 
with the partition {W]"*'''}. 

Let k>l. Then 4 = dj. Prom Remark 1.10 it follows, that partitions {W^l''^} and {wl^"^} 
are compatible. We apply Lemma 1.3 to periodic partitions {w}^^^}, {wi"'"'} and {Ws^''^}, 
and conclude that partitions {wj^^^^} and {Ws^''^} are compatible. 



Let now k < I. Again from Remark 1.10 we derive, that partitions {Wi,"'''} and {Wi"*'*} are 
compatible. We apply now Lemma 1.2 to periodic partitions {Vl^i"'"^}, {wi"'^} and {H/'/™'^} 
and conclude that partitions {wj"^^^} and {wi"'''''} are compatible. 

b) Let dl is the greatest common divisor of numbers Uk and m2. Repeating argument from 
item a), we consequence that there exists r G N, such that dj. = d^ when k > t. 

To complete the proof of item b) it is enough to us now to find periodic partition of length 
7712, which is compatible both with {wi"^''} and {VT/™^'*}. Then by repetition of argument from 
item a) we shall prove, that it is compatible with every 

Consider triple of numbers mi, 1712, rir G V{X, /). Designate for convenience by d^ and 
the greatest common divisor and the least common multiple of numbers rir and m^, k — 1,2. 

As mi divides m2 on the condition of Proposition, then di divides ^2 and Di divides D2. 

Set 

mi 

m = — • d2 . 

di 

It is clear, that mi divides m, since the number (^2/^1 is integer. On the other hand, 

m2 m2 di f m2nr\ f minr\~^ G N 



m mi d2 \ d2 J \ di J Di 
that is m divides m2. 

Let d and D are the greatest common divisor and the least common multiple of numbers m 
and rir- 

Obviously, di divides d and d divides ^2- Since the number mi/di is integer, then m is 
divided by ^2 and ^2 is the common divisor of numbers m and Ut. Hence, d2 — d. 
On the other hand, 

mrir m\d2 rir miUr „ 
d di d2 di 

Proposition 1.1 gives us the inclusion m G V{X, /), since m divides m2 and m2 G V{X, /). 

Applying Lemma 1.4 to numbers mi, m, rir ^ ^(^) /) ^-nd to compatible periodic parti- 
tions {wj^"^^^} and {wi"^''}, we shall find periodic partition {wI"^^}^~q of length m, which is 
compatible with each of partitions {VT/™"^^} and {wi"^-*}. 

Having used Proposition 1.5, we find periodic partition {Wj"^^''}J!^Q^ of length m2, compati- 
ble with partition {Wj:"^^}. We apply Lemma 1.3 to numbers m, m2, rir and periodic partitions 
{^i™^}) {Wj""^^}, {Ws^^^}, and conclude that partitions {Wj™'^''} and {lyi^^-"} are compatible. 

In accord with Corollary 1.6, partition {M^j™^''} of space X is the refinement of the partition 
{wjf^^}. Consequently it all the more is the refinement of the partition {W-"^^^}. Again 
applying Corollary 1.6 we conclude, that partitions {wj;"^^^} and {Wj"^^^} are compatible. 

Proposition 1.7 is completely proved. □ 

Remcirk 1.11 Let a regular sequence {Ws^'^}^^Iq of periodic partitions is given and 
for certain sequence {rjjjgN- Then from Corollary 1.6 we receive 

y — " r2 — ' ' ' " — ■ ■ ■ ■ 



Next, if K C X is the closed subset of a compactum X, such that K n 7^ for every 

i e then a sequence of nested compact sets 

{K n Wj:"^'^) D...D{Kn Wj:^'^) D... 

has nonempty intersection, in other words 




Definition 1.7 Two regular sequences {W^ir^}ri=o; ^ ^ N, and {W^P^j'^io, j e of peri- 
odic partitions of dynamical system {X, f) are called compatible; if periodic partitions {wif'^} 
and {Wt^^} are compatible for all i, j e N. 

Immediately from Proposition 1.7 we receive the following 

Proposition 1.8 Let {H^ir'''}s*=o, i is regular sequence of periodic partitions of dynamical 
system (X, /). 

Let ruj e V{X, f), j ^ and rrij divides m^+i for every j e N. 

Then there exists a regular sequence {Wrp^y^^o , j G N, of periodic partitions of dynamical 
system {X,f), which is compatible with sequence 

Remark 1.12 It follows immediately from Corollary 1.1, that if dynamical system {X,f ) is 
indecomposable, then any two regular sequences of periodic partitions of this dynamical system 
are compatible. 

Remark 1.13 Let a sequence of numbers {n^ G 7^(X, /)}ieN is given, which satisfies to condi- 
tion 1) of Definition 1.6. 

If dynamical system (X, /) is not indecomposable, then there exist two incompatible periodic 
partitions Vl^("i) and of dynamical system {X,f) (see Proposition 1.3 and Remark 1.5). 

Obviously, regular sequences {VT'-^'-'jieN and {VT'-^'-'jieN of periodic partitions, built from 
partitions and H^^^i) accordingly with the help of inductive application of Proposition 1.5, 

are not compatible. 

1.4 Periodic partitions and returnability of trajectories of dynamical 
system. 

Consider some dynamical system {X, f) . 

Lemma 1.5 Let for certain recurrent point x E X there exists a closed neighborhood U , which 
satisfies to the following property: there exists n e N, such that 

U /'"(^) c U . 

Let 

m = min{n e N | e U e Z} . (6) 

Then dynamical system (Orb/(x),/) has periodic partition {Wi}^^ of length m, such that 
xeWoCU. 



Proof. Under Birkgoff Theorem the set Orb/(a;) is minimal set of d. s. {X, /). In particular, 
the space Orb/(a;) is compact. 

We assume, that homeomorphism / is given on space Orb/(a;) with the topology induced 
from X and we shall consider in this topology all sets which will arise in the proof. 

Designate 

W^[j f'^^ix) , W = IntW . 

Consider two families of sets 

Wo^W, Wi^f\W) = f{Wi-,), i = l,...,m-l; 

Wi = IniWi , i = 0, . . . , m - 1 . 

It is clear, that for the family {Wi} conditions (ii) and (iv) of Definition 1.1 are fulfilled. All 
sets Wi are closed, therefore condition (i) is an immediate corollary of conditions (ii) and (iii). 

So, in order to prove Lemma it is enough to verify condition (iii) of Definition 1.1. 

At first we shall show, that Wi ^ 0, i = 0, l,...,m — 1. Really, under Baire category 
Theorem^ it follows from (iv) that at least one of the sets {Wi} is not the set of I-st category 
(and has nonempty interior in Orb/(a;)). Since / is the homeomorphism, then all Wi have 
nonempty interior, that is Wj 7^ 0. ^ 

Now we shall check the relation WiHWj = i ^ j . 

Assume, that it is not the case. Let V — Wi H Wj 7^ and i < j for a determinancy. Since 
the set Uitez /^"*^*(^) dense in Wi on construction, then /"*^+*(x) e V for some s e Z. 

r'+\x) eV <ZWj(ZWj=[j p^^+^ix) , 

feez 

therefore there exists a sequence {/r}rGN of integers, such that /"^''•+^(x) — > /™*+*(a;) when 
r — > 00. This implies, that for every /c e Z we have 

j;m{ir-s+k)+{j-i) _^ /'^'™(a;) 
That is 

U f^^ix) C IJ pm+iJ-^){x) = Wj_i . 

Passing to closures, we shall receive Wq C Wj-i. Changing roles of i and j, we shall receive 
inverse inclusion. Therefore Wq — Wj-i. 
Remark, that 

e f^^-'^^{Wo) = /(^-^)(*^-^ o r-\Wo) = f^^-'^^''-'\Wo) ^■■■^WoQU 

when k > and 

f-mj-i)(x) e /-''=i(^-^)(ii^o) = f-^''^^^-'\w,-,) = 

= fi-\k\+i)U-i) o f-0-i\Wj-i) = /(-l^l+i)0-^)(W^o) = • • • = W^o Q U 

for A; < (we remind, that the set U is closed on condition of Lemma). That is f^''^~'^\x) e U 
for all A; e Z. 

^the Baire category Theorem is applicable in spaces, complete on Cech, and it is known that any compact 
set is space, complete on Cech (see [11]) 



On our supposition <J — J_< rn, so we have received contradiction with the choice of m 
(see relation (6)). Hence, Wi nWj = ^ when i j. 

We shell check now equalities Wi — Wi, i = 0,l,...,m — 1. 
It is easy to see, that 

W, = IntW, = Int(/(M/,_i)) = /(Int(M/,_i)) = f{%_^) ^ = 1, . . . ,m - 1 , 
and Wo = since / is homeomorphism. Designate 

m— 1 m—1 

The set Q is open invariant subset of dynamical system (Orb/(a;), /). Let K — OThf{x)\Q. 
Obviously, K is the closed invariant subset of this dynamical system. 

The set Orbj(a;) is minimal, therefore either = or = Orb /(a;). We already have 
proved, that Q 7^ 0, hence K — $ and 

m—1 

Sets from the family {Wi} are pairwise disjoint, so all of them are open-closed and Wi — 
Wi, i — 0, l,...,m — 1. On proved above from this immediately follows condition (iii) of 
definition 1.1. 

Lemma is completely proved. □ 



2 Ultranatural numbers and subsets of natural numbers. 

2.1 Ultranatural numbers. 

Definition 2.1 Let & (ZN is the set of all prime numbers ordered by increment. A sequence 

N = (iV2, iVs, . . . , A/p, . . .) , NpeZ+U{oo}, p e fi , 

is called ultranatural number. 

The set of all ultranatural numbers we shall designate by E. 
We introduce the relation of partial order on E. Say that 

M <N , M,N eTs, 

if Mp < Np for every p e 6 (we shall regard that k < oo for any k e Elementary immediate 
verification shows the correctness of this definition. 

Next, we introduce binary operation on E. For M — (Mp) and N — (Np) we set 

M-N = K = (Kp) ; 

^ _ ( Mp + Np , if Mp 7^ oo and A/p 7^ oo , 
oo , otherwise . 

It is trivially checked, that (E, •) is a semigroup with unity E — [Ep — 0). 




Remark 2.1 Easy immediate verification shows, that the equation M ■ X = N has a solution 
in (S, ■) only when M < N. 

However, this equation can have more than one solution. 



Example 2.1 Let M = N = {Np), 



Then = (X^^^), 



Np 



cxo , when p = 2 
, for p ^ 2 . 



n , forp^2 , 



P \ , when p^2 . 
is a solution of the equation M ■ X — N for every n e Z+ U {oo}. 

In just the same way as in the semigroup (N, ■) we can well define the greatest common 
divisor and least common multiple for any two M, A?" e E. It is easy to see, that 

gcd(M, A^) = {dp) , dp = min(Mp, A^^) , p G 6 , (7) 
lcm(M, TV) = {Dp) , Dp = max(Mp, Np) , p e 6 . (8) 

Here we use the following agreements: 

max(a, oo) = oo , min(a, oo) = a , a E U {oo} . 

We define monomorphism $o '■ {^, ") ^ (S, ■)■ 
Let n e N. Consider factorization 

u^pT-.-pT 

of the number n on prime factors (we regard that pi ^ pj when i ^ j). Set $o(^) = ("^ol^)?), 

^ ^ f «i ) whenp = pi e , 
1^ , otherwise . 

Remeirk 2.2 Mark that for all m, n eN we have 

$o(gcd(m,n)) = gcd(<I>o("^), *o W) , 
$o(lcm(m, n)) = lcm($o('^), '^*o('^)) • 

2.2 Regular subsets of natural numbers. 

Let A C N. For every p G B let 

$(A)p = supj/c G Z+ I 3a G A : divides a} = sup$o(a)p ■ 

Designate by $ the map $ : yl i— > ^{A) = {^{A)p) from class of all nonempty subsets of N 
to the set E of ultranatural numbers. 

Remark 2.3 It is easily checked that order relation on S defined above turns map $ into 
isotonic map, that is for any A,B QN inclusion A Q B implies ^{A) < $(-B). 



Example 2.2 Let A = {a} is a singleton. From definition it easily follows, that $({a}) = 
$o(a)- 

Example 2.3 Let A = {ai, . . . , aj} is a finite subset ofN. Consider factorizations of numbers 
ai, . . . ,aj on prime factors 

pee 

(here np{i) e p G 6, i — 1, . . . 
By definition 

= max{np(l), . . . , np{j)} , p G 6 , 
in other words $({ai, . . . , Oj}) — ^{{D}), where D & N is the least common multiple of numbers 

Oi, . . . , Oj. 

Remark 2.4 Let A CN. Immediately from definition follows, that ^{{a}) < ^{A) for every 
ae A. 

Remcirk 2.5 Relations (7) and (8) imply, that for any nonempty A, B C.f^ 

U S) = lcm($(A), $(5)) . 

In addition if An B (/}, then 

^A nB)< gcd(*(^), . 

Definition 2.2 We call a nonempty subset ^4 C N regular, if it satisfies to the following 
conditions: 

(i) if a & A and d e N divides a, then d e A; 

(a) for any a,b & A their least common multiple D also is contained in A. 
We designate the family of all regular sets by IZ. 

Remark 2.6 It follows from Propositions 1.1 and 1.2, that for any dynamical system {X,f) 
the set 'P{X, f ) is regular. 

Lemma 2.1 Let AeU. Then 

A^{aeN\ ma}) < ^A)} = {a e N | $o(a) < HA)} . 

Proof. Let a e N and $({a}) < ^{A). Suppose 

0- = Pi • • - Pfe 

is the factorization of a on prime factors. By definition of $ there exist such hi,. . . ,bk G A, 
that p"' divides bi, i = 1, . . . , k. Assume b is the least common multiple of numbers bi, . . . ,bk. 
Then a divides b. But b E Ahy definition of regular set. Hence and a E A. That is 

A D {a e N I ma}) < $(^)} . 

Inverse inclusion 

^ C {a e N I ma}) < . 

follows from Remark 2.4. □ 

An immediate corollary of Lemma 2.1 is following 



Proposition 2.1 Mapping 
is bijective. 

Remcirk 2.7 Let A,B e TZ. Obviously, 1 & A n B ^ ^. From Lemma 2.1 the relation 
immediately follows 

^{A n 5) - gcd(*(^), ^{B)) . 

Definition 2.3 Let A C.'H. Call a sequence {oj e ^}j6N regular, if Ui divides Oj+i for every 
i e N. 

Remark 2.8 It follows from Remark 2.3, that for any A and any regular sequence {a^ e 
AjieN we have the inequality 

$({ai I i e N}) < ^{A) . 

Proposition 2.2 Let A E TZ. Then there exists a regular sequence {6j e ^}ieN; such that 
I ^ e N}) = 

Proof. Since A C N is at most the enumerable set, we can enumerate all elements of A with 
the help of natural numbers, A — {ai,a2, ■ ■ ■}■ Let bi — ai, bi the least common multiple of 
numbers Oj and for i > 1. 
It is clear, that 

>^({ai,...,ai}) , ieN, 

Therefore 

I i e N}) > I i e N}) = ^A) . 
On the other hand, bi E A, i E N, since A is regular. Consequently, {6i}ieN ^ A and 

mh I i e N}) < . 

In order to complete the proof it suffices to note, that on construction 6j divides fcj+i, i eN, 
hence the sequence {&i}jeN is regular. □ 

Proposition 2.3 Let A C N. Suppose two regular sequences {ui E A}i^^ and {bj E A}j^fq are 
given. 

The following conditions are equivalent: 

1) $({a, M e N}) < $({6,- I 3 E N}); 

2) for every i e N there exists j E N, such that a, divides bj. 

Proof. 1) Let $({0^ | i G N}) < | j E N}). 

Consider the factorization 

ai Oil. 

a^ai=p^\. .p^'' 

of tti on prime factors. 

Prom Example 2.2 and Remark 2.4 it follows, that for m = 1, . . . , /c 

c^m - < *({«^ I ^ e N}),^ < I J E n}),^ . 



Therefore, for every p^, m = 1, . . . , A;, there exists e N, such that p^"* divides hj^. 
Without loss of generahty, we shall suppose that 

Jl < j2 < • • • < jfc ■ 

Sequence is regular, therefore divides 6^^,, m — l,...,k. Hence, p'^ divides 
m = 1, . . . , fc. 

Numbers Pi, ■ ■ ■ ,Pk are relatively prime on construction, therefore p"^ . . .p^*' = a divides 

2) Let now assume that condition 2) of Proposition 2.3 is satisfied. 
Suppose that for some p e 6 the inequality is fulfilled 

$({a, I i e N}), ^ $({6,- I j e N})^ . 

Then n = | j G < oo and on definition of $ 

— P^^bj rij < n gcd(p, bj) — 1 

for every j G N. 

On the other hand, $({aj | i G N})j, > n + 1. Hence there exists io G N, such that p"-+^ 
divides flj,,. We take an advantage now of condition 2) of Proposition 2.3 and find jo G N, such 
that divides bj^. All the more, p^^^ divides 

However, on construction gcd(p""^^, bj^) = p"Jo < p". 

The obtained contradiction proves that 

$({a, I ^ G < $({6,- I J G N})p p G 6 , 
That is condition 1) of Proposition 2.3 is valid. □ 

CoroUciry 2.1 Let ^4 C N. Assume {ai G is regular sequence. 

For any subsequence {&j}jeN of {ai}i^fq the equality is valid 

$({a, I i G N}) - mbj I j G N}) . 

3 Odometers and connected constructions. 

3.1 Definition of odometer. 

We fix regular infinitely growing sequence {rii G N}igN- 

Consider a sequence of finite cyclic groups Z„. = Z/njZ and group homomorphisms 

'■ Zfii+i — ^ Z„. , 

ipi : Ih^l . 

Take the inverse limit A — lim invZ„. of this sequence of groups and homomorphisms. We 

shall obtain an Abelian group {A, +). 

We endow each set Z„, = {0, 1, . . . , — 1} with the discrete topology. Each of maps ipi is 
continuous in this topology. Space A with the topology T of inverse limit is homeomorphic to 
Cantor set P. 

It is easy to see, that in the group {A, +) operation of addition and passage to opposite 
element are continuous in the topology T, thus A turns to be the continuous group. 



Remark 3.1 We remind, that the inverse limit A = lim invZ„. could be imagined as a subset 

i—*oo 

A = {a = (oj e Z„.) I (pi{ai+i) ^Qi, i eN} (9) 

of the direct product 

— * 

In this notation the operation of addition in A is defined component-wise, that is a + b — 
{di + bi) for any a = {ai), b = e A. 

It is known, that the topology of direct product (10) is set with the help of basis, which 
consists of so-called cyhndrical sets 

U (xji, . . . , XjJ = {{ai) \ai^^Xi^ s = 1, . . . , /c} ; e Z„.^ , i^ < . . . < i^ , A; G N . 

Prom definition of A (see relation (9)) it is easy to see, that 

c/(xi,,...,xijn^ = c/(xijn^ 

for any A; e N, ii < . . . < and e Z„.^ . So, the family of sets 

V^. = U{xj) nA = {(flj) E A\aj = Xj} = 

= {{a-) e A \ aj = Xj , ak = (pko ■■■o for k < j} ; j eN, Xj e 

appears to be basis of topology of space A. 

The natural metric d : A x A ^ M_|_ on A, associated with the sequence {rii}, is defined by 
the following correlation 

d(a;, y) = — , m — min{i E N \ Xk — yt when k < i and Xi ^ yi} . 

The correctness of this definition is verified immediately. 

Consider an element e = (1) = (1, . . . , 1, . . .) G A. It is called generator of the group A and 
the cyclical subgroup (e), generated by this element is dense in A in the topology T. 

The translation map 

g:A^A, 
g : X ^ X + e 

obviously is homeomorphism. 

Definition 3.1 Dynamical system {A,g) is called odometer . 

Remark 3.2 From that fact the subgroup (e) is dense in A it immediately follows, that each 
trajectory of dynamical system {A, g) is dense in A. In other words odometer is always minimal 
dynamical system. 

Lemma 3.1 For any /c G N and Xk G Z^^. a family of sets {W^^''^ — Vx^+j} j=Q,...,ni-i is periodic 
partition of dynamical system (A, g) of length Uk- 



Proof. Obviously, 

^ = U = U ^^^+3 ■ 

Hence, for the family {14^^"'°''} condition (iv) of Definition 1.1 is fulfilled. 

Since all sets Vxj^+j, j G Zn^, arc open by definition and pairwise disjoint, the collection 
{Wj^''^} satisfies also to conditions (i) and (iii) of definition of periodic partition. 

To complete the proof it remains to verify that g{Va^) = V^^+i (1 £ for every G Z^^^,. 

— # — * — * 

Let b = (bi) e Kfc- Then bk = Ofe and g{b) = 6 + e = (6^ + 1) e K^+i- Therefore, 

Conversely, let c = (q) G K^+i- Then Ck = ak + 1 and g~^{c) = c - e = (q - 1) G K^. 
Hence, ^(KJ D K^+i. □ 

Remcirk 3.3 It immediately follows from relation (11), that 

d{x,y) = d{g{x),g{y)) 

for all X, y & A. 

3.2 Regular sequences of periodic partitions and associated parti- 
tions on a phase space of dynamical system. 

Let {X, f) be a dynamical system with compact phase space, {rii G V{X, f)}im is an unlimited 
regular sequence. Let be a regular sequence of periodic partitions of dynamical system 

Let X E X. Remark, that in the strength of properties of periodic partitions for every i G N 
there exists unique ai{x) G Z„., such that x G w'^jl^y In other words the map is correctly 
defined 

F : x I— > {ai{x)) , X E X . 
We associate with every x G X a subset 

of the space X. It follows from Definitions 1.1, 1.6 and Corollary 1.6, that 

1) all H{x) are nonempty closed sets; 

2) H{x) = H{y) if F{x) = F{y) and H{x) n H{y) = if F{x) ^ F{y); 

3) F{f^\x)) = F{x) ± e for all x G X (remind, that e = (1, 1, . . . , 1, . . .) G A). 

For every a — (oj) G F{X) we fix x G F~^{a) and designate — H{x). It follows from 2), 
that the set ifg does not depend on a choice of x G F~^{a). 



From 1) and 2) it immediately follows, that the family of sets = {i?a}aeF(x) = zer(F) 
is partition of the space X, elements of which are pre-images of points of space F{X). Also 
diagram is commutative 

X — ^ F{X) 

pr 

X/zer{F) X/S) F{X) 

Proposition 3.1 F is the continuous map. 
Proof. Consider a subbasis of topology 

= {a = (oj) e JJ I Oj = Xj} , Xj e Zn. , j eN 

of the space HieN^nr 

The easy immediate verification shows, that 

(n) 

To complete the proof it suffices to recollect, that all sets Wx/ are open in X by definition. □ 

X is the compact set, fact F is continuous bijective map of X/Sj on F{X) and space F{X) 
is Hausdorff, therefore factF is the homeomorphism (see [11]). 

For every a G F{X) from 2) and 3) the equality is easily received f{F~^{a)) — F~^{a + e). 
Thus, if we designate 

g : F{X) F{X) , g-.d^d+e; 
7 = fact/:X/i3^X/i3, J -.Hs^Hs+s; 
then we receive the commutative diagram 

{XJ) ^ {F{X),g) 

pr (12) 

(X/SjJ) ^ {F(X),g) 

We now ask the question: what is the set F[X)1 
We fix X e X and consider the set 

F(Orb/(a;)) = {F{x) +ne\neZ} = F{x) + (e) . 

It is clear, that F{x) + (e) C F(Orb/(x)) C F{x) + (e) = F{x) + (1) = F{x) + A {A is adic 
group constructed on the sequence {nj}, see above). 

Since Orbj(x) is compact set, then F(Orbj(a;)) is closed in HieN^^r '^^^ F[x) + (e) is 
dense in F{x) + A, therefore F(Orbj(a;)) = F{x) + A. 

Let now y is another point of the space X. Orb/(a;) is the closed invariant subset of 
dynamical system (X, /). Hence wif''' fl Orb/(a;) 7^ for all i G N, G (see Remark 1.3). 



(J (J 



Let F{y) = (A). It follows from Remark 1.11 that H^fs^) n Orb/(x) 7^ and F{y) = 
F{H^p^)) e F{OrhJ{x)) = F{x) + A. 
As a result we receive 

F{X)^F{x)+A, 
In other words F{X) is the coset of group HiGN^ni on the subgroup A. 

Remark 3.4 Obviously, F{X) = A if and only if 

f]wi"'^^$. (13) 

Definition 3.2 A regular sequence of periodic partitions of dynamical system {X, f) 

is called coheicent, if it satisfies to the relation (13). 

Prom Proposition 1.6, Remark 1.5 and construction, given above, we get 

Proposition 3.2 Let (X, /) is a dynamical system with Hausdorff compact phase space. 

For any unlimited regular sequence {n^ e f)}i& there exists a projection tt : {X, f) — >• 
(74,51) onto odometer {A^g), constructed on the sequence {njjjgpj. 

Let now {ui E 'P{X,f)}ii=^ is a regular sequence and let {iy("»)} and are two 

compatible regular sequences of periodic partitions of dynamical system (X,/). Then (see 
Remark 1.5 and Definition 1.3) periodic partitions iy("*) and W^"'*'' are equivalent for every 
i eN. Prom this we immediately conclude, that 

Proposition 3.3 Let {VF^^'^jigN 'is a regular sequence of periodic partitions of a dynamical 
system (X, /). 

The family of sets {pr(FFif''') | i e N Sj e satisfies to the following properties: 

1) it is the regular sequence of periodic partitions of the dynamical system {X/S^,f); 

2) it is the basis of topology on space X/S). 

Proof. It immediately follows from what has been said that the sequence could be 

considered as coherent. 

Now proposition follows from the relations 

iyif') = F-^(KJ, ten 

(see formula (11), Lemma 3.1 and Corollary 1.6) and from commutative diagram (12), the lower 
arrow in which is homeomorphism. □ 

Proposition 3.4 Let {n, G V{X, f)}i^^ and {rrij G ^^{X, f)}j^^ are two regular sequences, 
such that ^{{Ui \ i G N}) < ^{{rrij \ j G N}). 

Let regular sequences cin'd of periodic partitions of dynamical system 

{X, f) are compatible. 

Then the partition S) of space X, which is induced by sequence {l^^"^-'^}, is the refinement 
of the partition S), induced by the sequence {W^'^*^}. 



Proof. We fix X G X. There exist such (a^) G HiGN^^i if^j) ^ Yljen'^rnj^ that 

According to Proposition 2.3, for every i eN there exists k{i) G N, such that rii divides mk(i). 
Since periodic partitions VF^"^*) and Vl^("*'=(»)) are compatible, then by Corollary 1.6 second of 
them is th^refinement of first one. 

Thus, W^^'/'^^ C lyi"'^ for every i e N. Therefore, we have 

ieN ieN jeN 

By virtue of arbitrariness in a choice of ,t G X we conclude from what was said above, that 
for an arbitrary (a^) G F{X) and {^j) G F{X) either H^a.-j n H^/}.) = or D -^'(/j^.). □ 



Corollary 3.1 If in the conditions of Proposition 3.3 the equality takes place | i G N}) ~ 

^{{rrij I j G N}), ^/ien partitions and of the space X coincide. 

Proposition 3.5 Let {rii G o,iT'd {trij G V{X, f)}jQ^ are two regular sequences. 

Let {H^*^"'-'}ieN ^^^^^ {W^*-'"^''}jeN '^'^^ regular sequences of periodic partitions of dynamical 
system {X, /). Assume that and 9) are partitions of the space X, induced by these sequences. 
Let sequences {W^"^^^} and are not compatible. 

Then H{x) \ H{x) ^ and H{x) \ H{x) ^ for every x E X . 

Proof. Let x E X. There exist such (ctj) G HieN^^i (l^j) ^ ITjeN^wij' ^^^^ 

H{x) = = fl Wi^^^ , H{x) = #(^^.) = fl W^f . 

ieN jeN 

On definition H{x) D H{x) ^ 0. 

According to conditions of Proposition there exist such A;, Z G N, that periodic partitions 
m^nu) g^j^^ p^C^i) are not compatible. That is 

tez 

So, the space X falls into the union of two disjoint closed invariant sets A]^^i and B\. i — 
X \ Ak,i of dynamical system {X, f) (see Proposition 1.4). 
Obviously, H{x) n H{x) C n W^'^ C A^,,. 

However, 

H{x) \ H{x) D H{x) n B,,i = fl (W^i^') n B,,^) ^ 

ieN 

(see Remarks 1.3 and 1.11). Similarly, H{x) \ H{x) 7^ 0. □ 



Proposition 3.6 Let {n^ G 'P(X, and {rrij G P(X, are two regular sequences. 

Let {W^'^*^}i^n and {VT'-'^^-'jjeN are regular sequences of periodic partitions of dynamical 
system {X,f). Assume S) and S) are the partitions of space X, induced by these sequences. 

If there exists x & X, such that 

then the partition Sj is refinement of the partition S^, sequences and {W^'^^^} are 

compatible and ^{{rii \ i G N}) < ^{{mj \ j G N}). 

Corollary 3.2 Let {W'-'^'^i^n and {W^'^^^j (ire regular sequences of periodic partitions of 
dynamical system {X,f). Assume S) and are the partitions of space X, induced by these 
sequences. 

The following statements are equivalent: 

1 ) the partition is refinement of the partition S) ( respectively, 9) = Sj); 

2) sequences and are compatible and ^{{rii \ i G N}) < ^{{nij \ j G N}) 
(respectively, $({nj | i G N}) = ^{{mj \ j G N}) ). 

In order to prove Proposition 3.6 we will need following almost obvious 

Lemma 3.2 Let X be a Hausdorff space, 

KiDK2D...DKiD... 

is a sequence of nonempty compact subsets of X. 
For any open neighborhood U of the set 

there exists n such that Ki C.U for i > n. 

Proof. Assume that there exist a neighborhood U ^ K and a sequence {xi E Ki \ U}iQ^. 

Since G /^i, i G N, on the construction and Ki is the compact set, then this sequence 
has at least one limit point x E Ki\U C X \ U. 

It follows from condition of Lemma that Xi E C. K^, for every m G N and i > m. Hence, 

X G Km, m G N and x e K\U. 

The obtained contradiction proves Lemma. □ 

Proof of Proposition 3.6. 1. We shall prove, that for every i G N there exists j{i) G N, 
which comply with the following requirements: 

— rii divides rrij^iy, 

— periodic partition W^"^^'-*^^ is the refinement of partition iy("»). 



Wc fix i G N. Obviously, the open neighborhood VF^"'^^ of the set H{x) C H{x) C VF^"'^) 
and the sequence of closed sets 

1^17) D W^i^) D . . . D W^i7^ D . . . 

ai(a;) — 02(2:) — — o^jW — 

satisfy to condition of Lemma 3.2. Hence, there exists jii) e N, for which W~ C W f \. 

J ' J \ I 1 aj(i^(x) — ai(x) 

From Corollary 1.5 we conclude, that periodic partitions and W^"^'^ are compatible 

and rii divides Now it follows from Corollary 1.6 that the partition H^^^^jC*)) is refinement 

of the partition W^^^\ 

2. Verify, that H{y) ^ H{y) for every y E X, in other words the partition is refinement 
of the partition S). 

Really, it follows from what we said above, that 



5j(i)(y) 

jeN ieN ieN 



for every y E X. 

3. The previous item and Proposition 3.5 implies, that the sequences of periodic partitions 
{V^K)].^gj^ and {W^'^^^}j^^ are compatible. 

4. We conclude from item 1 and Proposition 2.3, that ^{{rii \ i e N}) < $({mj | j e N}). 

□ 



3.3 Main properties of odometers 

We show now on the example of odometers how the proved above statements could be applied. 

Proposition 3.7 Let {X,f) and iY,g) are dynamical systems, p : {X,f) — (Y,g) is a projec- 
tion. If n E V{Y, h) and W^^^ = {VF'i"''*}iGZ„ is a periodic partition of dynamical system {Y,g), 
then n G V{X,f) and PF^"-) = {wj^^^ = P~^{wj^^^)}i^Zn 'is the periodic partition of dynamical 
system (X, /). 

Proof, is the simple immediate verification. □ 

Corollary 3.3 Let {Y,h) is a factor-system of a dynamical system {X,f). Then V{Y,h) C 

We take an advantage of Remark 2.3 and obtain 

Corollary 3.4 In conditions of Corollary 3.3 the inequality ^{V{Y,h)) < /)) is ful- 

filled. 

Remark 3.5 Thus, if dynamical systems {X,f) and (Y.g) are topologically conjugate, then 
(^{V{X, f)) = ^(V(Y, g)). Hence, ^{V{X, f)) E 12 is topological invariant of the dynamical 
system {X, f) E JCq. 



Proposition 3.8 Let {A,g) is an odometer constructed on a regular sequence {ni}i^f^. 
Then = ^{ni \ i G N}). 

Let ^5 a regular sequence of periodic partitions of dynamical system {A,g). 

The family of sets {Wr^^^ \ rj e X^. , j eN} is basis of topology of the space A if and only 
ifH{mj\jeN})^mV{A,g)}). 

Proof. It follows from Lemma 3.1 and relation (11) that the family 

is the regular sequence of periodic partitions of dynamical system {A, g). We construct on this 
sequence the associated partition 53 of space A. Since the family (11) is basis of the topology 
of space A, then H^i = {a} for every a E A. 

1. The set V{A,g) is admissible (see Remark 2.6), therefore there exists regular sequence 
{ruj e V{A, g)}j^fq, such that 

mruj I j e N}) = HV{Ag)) > mm \ieN}) 

(see Proposition 2.2 and Remark 2.8). 

Construct on this sequence regular sequence of periodic partitions {VT'-^-'^jjeN, which is 
compatible with the sequence {VF^^'^jigpj (see Proposition 1.8). 

Let i5 is the partition of space A, induced by the sequence {l^*^"*^^}. Then it follows from 
Proposition 3.4 that the partition Sj is refinement of the partition S). And it is possible only if 
Sj — S^. Now from Proposition 3.6 we receive 

$({mj I j e N}) = $({ni I i e M}) . 

2. Let now {W^*^"*^^}jeN is a certain regular sequence of periodic partitions of the dynamical 
system {A,g). Assume is the partition of space A, induced by the sequence {14^*^™^^}. 

Wc conclude from the first part of Proposition 3.8 and Remark 2.8 that $({nj | i G N}) > 
^{{nij I j e N}). 

Odometer {A,g) is the minimal dynamical system (see. Remark 3.2), so this dynamical 
system is indecomposable and regular sequences {VF^"*)} and {VF*^"^^)} are compatible (see 
Remark 1.12). 

Applying Corollary 3.3 we conclude, that the partition Sj of space A is refinement of the 
partition Sj, with ^ = if and only if 

$({m,- I j e N}) = $({n, I i e N}) = ^ViA, g)) . 

Remind, that a family {Ua}a&\ of open subsets of topological space X is its basis of topology, 
when the following conditions (see [16]) are fulfilled: 

(a) ii UaP^Ufj ^ ^ for certain a, /5 e A, then there exists 7 G A, such that QU^P^ Up, 

(b) for every x & X and any open neighborhood U oi x there exists a e A, such that 
X eUa&U. 



Remark, that for any regular sequence of periodic partitions condition (a) is always fulfilled 
(it follows immediately from Definition 1.6 and Remark 1.10). 

Let ^{{rrij | i G N}) ^ | i £ N}). Tfien partitions 9) and 9j do not coincide (see 

Corollary 3.2) and there exist two points xi, X2 G A, xi X2, contained in the same element 
of the partition S^. Hence, for every WsJ^^\ Sj e Z^^., j e N, either Ws^^^ n {xi, ^2} = or 
{xi,X2} C Ws^^\ and the condition (b) is not fulfilled. 

Let now ^{{rrij \ j e N}) = ^{{rii \ i e N}). In this case partitions and S) coincide. 

Let X E X and U is an open neighborhood of x. On definition of the partition S) there 
exists the unique sequence {aj e Zmj}jen, such that 

{x}^H{x) = H{x) = f]wi-^K 

In this case all sets from intersection in the right-hand part of the equality are compact (being 
closed subsets of the compact space A) and wi"/,^^''^ C wi^^\ i e N (see Definition 1.6). We 
apply Lemma 3.2 and conclude that there exists k eN, for which x e W,^^'' C [/. □ 

Prom Proposition 3.2, Corollary 3.4, Proposition 3.8, Remark 2.6 and Proposition 2.2 we 
receive the following statement. 

Theorem 3.1 Let (X, /) is a dynamical system with Hausdorff compact phase space, [A, g) is 
an odometer. 

The following statements are equivalent: 

(i) there exists a projection tt : {X,f) —>■ {A,g); 

(a) the inequality ^{V{A,g)) < ^{V{XJ)) is fulfilled. 

In order to formulate the following statement, we require two definitions. 
Let {X, /) is a dynamical system with compact metric phase space {X, p). 

Definition 3.3 Points x, y & X , x ^ y, are distal, if there exists S > 0, such that p{f"'{x), f"'{y)) 
S for every n G Z. 

The dynamical system {X, /) is called distal, if any pair of points x,yEX,Xy^y,is distal. 

Definition 3.4 The dynamical system (X, f) is called equicontinuous, if the family of maps 
{f"'}nez is equicontinuous under the metrics p, that is if for every e > there exists 5 > 
such that if p{x, y) < 5 for some x, y E X, then p{f"'{x), f^{y)) < s for every n e Z. 

Remark 3.6 It is easy to see, that distality and equicontinuity of dynamical system {X, f) do 

not depend (by virtue of compactness of X) on a choice of metric function, which generates the 
given topology on X . In other words, distality and equicontinuity are topological properties of 
dynamical system {X, f) with a metrizable compact phase space X. 

Theorem 3.2 (see. [17]) Let (P, /) is a minimal dynamical system on Cantor set P. 
Then the following conditions are equivalent: 

1 . d. s. (r, f) is topologically conjugate with an odometer; 



2 . d. s. {T, /) is distal; 

3 . d. s. (r, /) is equicontinuous. 

Proof. Equivalence of conditions 2. and 3. for dynamical systems with zero-dimensional 
compact phase space immediately follows from results, obtained in paper [18]. 
Verify implication 1. =^ 3. 

Let d. s. (r, /) is topologically conjugate with the help of a homeomorphism h : T A 
with an odometer {A,g), which is generated by admissible sequence {riiji^f^. We transfer the 
natural metric d from the space ^ on F with the help of the relations 

p{x,y) ^d{h{x),h{y)), x,yeT. 

Remark 3.3 consequences, that the map / is isometric under the metric p. Thus, d. s. (F, /) 
is equicontinuous. 

Prove implication 3. ^ 1. 

We fix the metrics p : F x F — > M_|_. Let the dynamical system (F, /) is equicontinuous 
under the metrics p. 

Let X e F and V is an open-closed neighborhood of x. Since the closed sets V and r\V 
are disjoint and F is compact, then 

p{V,T\V)=£>0. 
There exists 6 > 0, such that for any yi, ^2 G T the implication is valid 

(p(yuy2) < 25) (p(r(z/i),r(z/2)) <s, neZ). 

Let U = Us{x). Then Diamt/ < 26 and Diam/"(?7) < e for all n G Z. Hence, for every 
n e Z either V n /"([/) = or /"([/) C V. 

Since the dynamical system (F, /) is minimal, then there exists A; e N, such that f''{x) e U. 
Then /'=([/) nU ^0. It is clear that since / is the homeomorphism, we have 

n /"([/) ^ , neZ. 

Check, that /'^"(t/) CV,neZ. 

We shall carry out verification on an induction for negative n. 

Basis of induction. Since f-^{U) n C/ C n V, then r^{U) C V. 

Step of induction. Let f-^\U) C V for some i e N. Then ^ /-'=(^+i)(C/) n f-^\U) C 

n V and /-'^(^+i)(f/) C V. 
On the induction we conclude, that f^'^iU) C V for all n < 0. 
The proof of this inclusion for positive n is done similarly. 
So, 

We conclude from Lemma 1.5 that there exist m G 'P(F, /) and periodic partition VF^'") of 
dynamical system (F, /) of length m, such that x G W^q™"* C V . 

We fix a; G F and sequence {Si > 0}^^^, such that £i — > when i — > oo. For every we can 
find 5i > 0, such that for all 1/2 G F 

t/2) < ^ (p(r(yi), r (2/2)) < £^ , n G z) . 



Now we shall construct on an induction a coherent regular sequence of periodic partitions 
of dynamical system (F, /), such that for every i G N 

DiamVrif < , Si e . (14) 

The space T is zero-dimensional, therefore there exists a sequence {Vi 3 of open-closed 

sets, such that DiamV^ < 6i, i E N. 

Basis of induction. Find periodic partition of dynamical system (F, /), such that 

X e Wt'^ C Vi. Then DiamW^'''^ < 6i and Diamiyif^^ = Diamf''{W^'''^) < £i, Si G Z„,, 
according to the choice of 5i. 

Step of induction. Assume the family {1^^"'^}^^]^ of periodic partitions of dynamical system 
(F, /) is already constructed, such that Ui divides rij+i, i — 1, . . . ,k — 1, 

W^""'^ D . . . D W^'^ 3 X 

(we conclude from Corollary 1.5 that every two periodic partitions from this family are com- 
patible), and which complies with the relations (14). 

Designate V^+i = Vk+i fl I^q"*"^ 3 x. Obviously, DiamVfe+i < Sk+i- 

Find periodic partition of the dynamical system (F, /), such that x e Wq^"'=+^^ C 

On one hand DiamW;S"'=+^^ < DiamT^+i < Sk+i, hence Diamiyi"'=+^^ = Diam/^i(Wo^"'=+^^) < 

On the other hand, divides n^+i and periodic partitions ("fe+i) and VF^"*) are compatible 
by Corollary 1.5. 

On an induction we receive the coherent sequence of periodic partitions {VF^"')}jgN of dy- 
namical system (F, /), all elements of which satisfy to relation (14). 

Construct now the partition Sj of space F on the sequence {H/^"^^} and the projection 
F:{T,f)^{A,g). 

Let e F, (ctj) = F{y) e A. Remark that for every k eN we have 

k 

Diami/(y) < Diam(|P| W^"^*^^ = DiamW,^^'^) - ° ' 

i=l 

Hence, H{y) — {y} for every y E T and the projection map pr : F — > T/S) is bijective. 

Therefore the map F = (fact F) opr : F — A is also bijective. Since F is compact set, then F is 
the homeomorphism, which conjugates dynamical systems (F, /) and {A, g) (see commutative 
diagram (12)). □ 

Remark 3.7 When we defined odometer constructed on a regular sequence we re- 

quired, that this sequence should be unlimited. Actually this requirement can be written in the 
following way 

$({n, I 2 G N}) G S \ $o(N) . 

Let us look, what will change, if ^{{ui \ i G N}) = ^o{m) G $o(f^)- In this case A = 
lim invZ„. = = {0, 1, . . . , m — 1}, e — 1 G Z^, and the dynamical system {A,g) consists 

from unique periodic trajectory of length m. 

We expand definition of odometers, including in it the case ^{{rii | i G N}) G $o(N). 

It is trivially checked, that everything we said in subsections 3.2 and 3.3, except for theo- 
rem 3.2, is valid for our new definition. 



Theorem 3.3 (see [19, 5, 10]) 1. For every N & T, there exists an odometer {A,g), such 
that $(P(A,c/)) = N. 

2. Odometers {Ai, gi) and {A2, g^) are topologically conjugate if and only if^{V{Ai, gi)) — 
HV{A2,g2)). 

Proof. 1. Let N G T,. We can find admissible set A C TZ^ such that = N (see 

Proposition 2.1). Fix also regular sequence {rii G Ajjepj, for which ^{{ui \ i G N}) = ^{A) (see 
Proposition 2.2). Construct on the sequence {ui} odometer {A,g). Prom Proposition 3.8 we 
conclude, that ^{V{A,g)) = $(A) = N. 

2. (a) Assume that odometers {Ai,gi) and {A2,g2) are topologically conjugate with the 
help of a homeomorphism h : Ai ^ A2. 

We have two projections h : {Ai,gi) — > (A2,g2) and : {A2,g2) (^1,5^1). Prom 
Corollary 3.4 we conclude that ^{V{Ai,gi)) = $(7^(^2,^/2))- 

(b) Let now $(P(Ai,^i)) = $(7^(^2,52)) = iV G S. 

We find regular sequence {ni}i^^, for which $({nj | i G N}) = (see above) and construct 
on it odometer {A,g). 

Since ^{ViA^g)) = ^{V{Ai,gi)) = $(^(.42, fi'2)), then we receive from Proposition 2.1 and 
Remark 2.6 the relation V{A,g) — V{Ai,gi) — V{A2,g2)- It follows from Lemma 3.1 that 
rii G V{A, g),i eN. Consequently, Ui G V{Ak, gk), k = 1,2, i e N. 

We fix coherent sequence {Vr*^"'^}igN of periodic partitions of dynamical system (Ai,gi) and 
construct on it the partition Sj of space Ai^ 

Similarly, we take coherent sequence {H^'^"'^}ieN of periodic partitions of dynamical system 
{A2, g2) and partition 9) of the space A2, induced by this sequence. 

Consider the commutative diagram 

(A,^i) {A,g) ^ {A2,g2) 

pr 

(Ai/iD, fact 5(1) {A,g) (^2/^, fact 5(2) 

Wc know already, that all maps in the lower line of this diagram are isomorphisms in 
category /Co- 

Maps pr and pr are one-to-one on Proposition 3.8. Since spaces Ai and A2 are compact, 
then pr and pr are isomorphisms in category /Cq. 

Prom what has been said it follows, that the morphism 

F-^oF = pr~^ o (fact F)'^ o (fact F) o pr 

is isomorphism and dynamical systems {Ai, gi) and {A2,g2) are topologically conjugate. □ 

Remark 3.8 Let {X,f), {Y,g) G JCq, h : {X,f) {y,9) is a morphism. If dynamical system 
{Y, g) is minimal, then h is the projection. 

Really, we fix y G Y . Under the Birkgoff theorem we have Orb(,(/i(y)) = Y. On the 
other hand, since X is compact set, then h{X) is the closed subset of space Y and, obviously, 
M^)2 0rb,(My)) = M0rb/(y)). 



pr 



Proposition 3.9 Let {A, g) is an odometer, h : {A, g) —>■ {A, g) is a morphism. Then h is 
isomorphism. 

Proof. We fix regular sequence {n^ G V{A,g)}i^^, such that | i G N}) = ^{V{A,g)) 

(see Remark 2.6 and Proposition 2.2). 

Fix regular sequence of periodic partitions {H^*^"^'-*}ieN- 

h is epimorphism according^ Remark^. 8, therefore from Proposition 3.7 follows, that for 
every i e N the family of sets — {WsT — ^~'^(l^ir^)}iez„. is periodic partition of the 

dynamical system {A, g) of length n,. 

Odometer (A, g) is the minimal dynamical system, therefore (A, g) is indecomposable. We 
apply Corollary 1.1 and conclude that {W^'^^^}i^^ is regular sequence of periodic partitions of 

Prom Proposition 3.8 it follows, that each of the famihes of sets {wif'^ | Si G Z^^, i G N} 
and {VFif'-* | Si G Z„., i G N} is basis of the topology of space A. Therefore h is continuous 
one-to-one map. Since A is compact set, then h is homeomorphism. □ 

Corollary 3.5 Let {Yi,hi) and (l2,/i2) o-fe two dynamical systems, which are topologically 

conjugate with some odometers. 

If the objects {Yi,hi), (5^2, /i2) G Ob/Co o'^e isomorphic, then any morphism a : 
(I2, ^2) is isomorphism. 

Proof. 1. Let dynamical system (Yi, hi) is topologically conjugate with an odometer {A,g). 
Let p : (Yi, hi) — > (Yi, /ii) is a morphism. Then p is isomorphism. 

Really, we fix isomorphism (p '■ {Yi, hi) {A, g) and consider morphism (popocj)^^ : (A, g) —>■ 
{A, g). According to Proposition 3.9 (f)opo(f)~^ is isomorphism. Then also p — 0~^o(0opo0~^)o0 
is isomorphism. 

2. Assume that there exists an isomorphism ip : (Yi, hi) (Y2, h2). 

Morphism x = a o ■^"^ : (12,^2) (^2,^2) is isomorphism (see above). Hence also 
% o = a o oip = a\s isomorphism. □ 

Let (A, -|-) is an adic group. Let g : A ^ A, 

g : a + e a & A . 

Let {A, g) is the relevant odometer. 

— * 

We fix a, b E A. Consider the map 

h^ r : A ^ A , 

a, ' 

hg g : c I— > c+ {b — a) , c& A . 
Proposition 3.10 kg g — g o ^. 

Proof. This is the obvious corollary of commutability of group {A, g). □ 

Remark 3.9 Let dynamical system {X,f) is minimal, hi, /i2 '■ {X,f) O^tQ) 't'^o mor- 
phisms, such that hi{x) — h2{x) for some x & X. 
Then hi — h2. 



Really, for every y = /"(x) G Orb/(a;) we have hi{y) = /iio/"(x) = g"'ohi{x) = (7" 0/^2 (a;) = 
/i2 o f^{x) = h2{y). Therefore /ii|orb/(x) = ^2|orb/(a;)- Since X = Orb/(a;) under Birkgoff 
theorem, then hi — h2- 

Thus, combining Propositions 3.9, 3.10 and Remark 3.9, we receive 

Corollary 3.6 Let {A,g) is a dynamical system, topologically conjugate with an odometer. 
For any pair of points x, y E A there exists unique morphism hx,y : (^,5) — >■ {A^^g), such that 
hx,y{x) = y, and this morphism is isomorphism. 

3.4 Deviation. One categorial construction. 

Let £ is a category. 

Definition 3.5 We say that £ has property LU (Lifting Upstairs), if for every objects A, 
B G Obi2 and for arbitrary morphisms a G H^[A, B) and Cb G H£[B, B) Pi Isoii there exists 
morphism ca G H^^A., A) fl Iso such that 

bb o a — a o ba ■ 

Definition 3.6 We say that £ has property LD (Lifting Downstairs), if for any objects A, 
B G Ob £ and for arbitrary morphisms a G H£,{A, B) and fA £ H£,{A, A) fl Iso £ there exists 
morphism fB G H^{B, B) fl Iso£; such that 

fA = fB o a . 

Let £ is a category. For each pair of objects A, B E Ob£ we shall define binary relation ~ 
on the set H£,{A, B). Say that a ~ /3, a, /3 G H^iA, B), if there exist such ba G Hs,{A, A) niso £ 
and bb G Hs^{B, B) fl Iso£, that 

a o Ba = gb ° P ■ 

It is easy to see, that ~ is the equivalence relation. An equivalence class of a morphism a 
shall be designated by [a]. 

Proposition 3.11 Assume that category £ has one of properties LU or LD. 

Then the category £ is correctly defined, for which the objects are same with the objects of 
category £ and for any pair of objects A, B & 2 a set of morphisms H^{A, B) is the set of 
equivalence classes of morphisms from H£,{A, B). 

Proof. Assume, that the category £ has property LU. 

It is trivially checked, that £ satisfies to properties 1) and 2) of category. 

In order to define correctly composition of morphisms in £, we shall prove that for any 
triple of objects A, S, C G £ and for any morphisms a G H^iA, B), P e H^{B, C) the equality 
is fulfilled 

[(3oa] = o [a] = {/?' o a' \ a' e [a], (5' G [/?]} . (15) 

Let a' G [a], 13' G [/?]. Then there exist such isomorphisms ba G H^{A,A) nlso£, e^, 
/b G Hs^{B, B) n Iso £ and fc e Hs.{C, C) n Iso £, that 

p' o a' = {fc o /3 o f-^) o (es o a o b^^) = o /3 o (/"^ o eg) o a o b^^ . 



Obviously, o G Hsi[B,B) fl Iso£. From property LU wc conclude, that there exists 
9 A G i^£(v4. A) n Iso £, for which (/^^ o cb) o a = a o g^^. Hence, 

P'oa' ^ fcof3o (/-^ o es) o a o e^^ ^ fc o f3 o a o {qao e^^) , 

P'oa' e[Po a] and [(3 o a] D {(3' o a' \ a' e [a], (3' e 

Inversely, let 7 e [/3 o a] . It means, that for some ca £ Hsi{A, A) fl Iso £ and ec £ 
H^{C, C) n Iso £ the relation takes place 

7 = ec o (/5 o a) o e;^^ = (ec o /?) o (a o e;^^) . 

Obviously, a o e^^ = 1^ o a o e]^ e [a] and ec o 13 — ec o 13 o g Hence, [/? o ct] C 
{13' o a' I a' G [a], G [/?]}. 

So, we have established, that partial multiplication of equivalence classes of morphisms does 
not depend on a choice of representatives, hence it is defined correctly. 

Associativity of multiplication of morphisms in £ follows from associativity of multiplication 
of morphisms in £. 

To complete the proof it suffices to note, that for any A G Ob £ the unit morphism of object 
in £ is [I a]. 

If the category £ has property LD, proof is conducted similarly. □ 

Remcirk 3.10 The described above construction is a special case of so-called factor-category 
(see [20]). 

3.5 Main properties of odometers (continuation). 

Let {Ai^iQi), {A2,g2) are dynamical systems, topologically conjugate with odometers, tti, 7r2 : 
{M,gi) (^2,92) and h : (^2,5^2) ^ (^2, 5-2) arc morphisms. 

Designate by T the set of all morphisms / : {Ai,gi) {Ai,gi), such that the diagram is 
commutative 

{Ai,gi) — ^ {Ai,gi) 

TTl TT2 

{A2,g2) —-^ {^2,92) 

n 

It follows from Proposition 3.9 that h G Iso /Co and C Iso/Cq. 

Proposition 3.12 The set T is not empty. 

For any y E A2 and Xi G 7rf ^(|/) the equality is valid 

{hxi,x2 I ^2 e n^^iHy))} . 
Proof of Proposition 3.12 is based on the following Lemmas. 

Lemma 3.3 Let {X, f) is an indecomposable dynamical system, {A, g) is dynamical system, 
topologically conjugate with an odometer, ni, 712 : {X,f) {A,g) are projections. 
Then the partitions zer tti and zer 1:2 of space X coincide. 



Lemma 3.4 Let {X,f), {A,g), ni, 7T2 : {X,f) {^,9) the same, as in Lemma 3.3. 

For any morphism h : (X, /) — > (X, /) the continuous map fact 712 o h : A —>■ A is well 
defined to comply with the relation g o (fact7r2 oh) — (fact7r2 oh) o g. 

Therefore, the commutative diagram is valid 

(XJ) (XJ) 



TTl 



7r2 



tact 7r2 on 

Proof of Lemma 3.3. We fix a regular sequence {ui G ^{V{A, g))}ien, such that $({nj | i G 
N}) = ^{V{A,g)) (see Remark 2.6 and Proposition 2.2). 

We construct regular sequence {VF^^^^jig^ of periodic partitions of dynamical system {A, g). 
According to Proposition 3.8 the family of sets {wif | Sj G Z„. , i G N} is basis of the topology 
of space A. ^ ^ 

It follows from Proposition 3.7 that for every i G N the systems of sets W^"'^ = {PVif'^ = 
TTf i(l^if')) I Si G Z„J and W^''''^ = {W^^^^ = 7:2^^^'^) \ Si G Z„.} are periodic partitions of 
dynamical system {X, /) of length n^. 

Dynamical system {X,f) is indecomposable, therefore we conclude from Corollary 1.1 and 
Remark 1.12 that and are compatible regular sequences of periodic 

partitions of {X, /). 

Let 9j and are the partitions of space X, induced respectively by sequences 
and {Vr''"'*-'}jeN- Then partitions and coincide by Corollary 3.2. 

The family of sets {wif'"* | Sj G , i G N} is prc-imagc of the basis of topology 
{Wsl'''^ I Si G Z„. , i G N} under action of the projection tti, therefore partitions zervTi and 
coincide. 

Similarly, the partitions zer7r2 and S) coincide. □ 

Proof of Lemma 3.4. Let h : {X, f) — > {X, f) is a morphism. 

Since dynamical system {A, g) is minimal, then morphism 112 o h : {X, f) — > [A, g) is the 
projection. From Lemma 3.3 it follows, that zerTTi = zer7r2 o h. To complete the proof it 
remains to apply Lemma 0.2 to morphisms (pi = ni and (p2 = 1^2° h. □ 

Proof of Proposition 3.12. Dynamical system (^41, g\) is minimal, therefore it is indecom- 
posable. 

We fix 1/ G A2 and Xi G 7rf^(|/). Let X2 G 7r^^(/i(|/)). Consider morphism hx^^x2 '■ ~^ 
{Ai,g-^. We conclude from Lemma 3.4 that morphism fact 712 o hx■^,x2 '■ (^2,52) (^2,5'2) is 
correctly defined and the sequence of equalities is valid 

fact7r2 o h:ci,x2{y) = (fact7r2 o /laji.xa) o 7ri(xi) = 7r2 o hxj^^cciixi) = n2{x2) = h{y) . 

Therefore, it follows from Corollary 3.6 that fact7r2 o hx^ X2 = h and T 2 {hx-^ X2 \ ^2 & 
^2\h{y))}. 

On the other hand, for any j ^ T the relation /(xi) G /(tt^ ^{v)) = ^^2 ^(Hv)) should be 
fulfilled (see Lemma 3.3). Corollary 3.6 consequences that / = hx^^ f(xi) and C {/i^.^ | ^2 G 
n2\h{y))}. □ 

Consider the complete subcategory A of /Cq, objects of which are all dynamical systems, 
topologically conjugate with odometers. 



Corollary 3.7 The category A has properties LU and LD. 

Proof. 1. Condition LU follows from Proposition 3.12, with ni — n2 — a, and from 
Corollary 3.6. 

2. Condition LD is the consequence of Lemma 3.4, where (X, /) and (^4, g) are topologically 
conjugate with odometers and iii = 712 = a, and from Corollary 3.6. □ 

We fix a skeleton ^0 of category A. 

Remcirk 3.11 From Theorem 3.3 and Remark 3.5 we conclude that for every A?" e E category 
Aq contains exactly one object {A,g), such that ^{V{A, g)) — N. 

Remark 3.12 Theorem 3.1 consequences that for any two objects and {A2,g2) of cat- 

egory Aq the following statements are equivalent: 

(i) $(p(A,^i))>$(p(^2,52)); 

(ii) Hj,,{{A,,g,),{A2,g2))^^. 

We take advantage of Proposition 3.11 and construct category ^0 by the category ^o- 
Prom Lemma 3.4 and Corollary 3.6 we obtain 

Corollary 3.8 Let {A^^gi), (^2,52) e Ob A, tti, tts G 51), (A, ^2))- Then [tti] = 

k2]. 

Now from Remark 3.12 we have 

Corollary 3.9 Let {Ai.gi), {A2,g2) e OhA^. 
Then 

(i) if ^{V{Ai, gi)) > ^{V{A2, g2)), then the set H-^{{Ai, gi){, A2, g2)) contains exactly one 
element; 

(ii) H^{{Ai,gi), (^2,5'2)) 0, otherwise. 

By partially ordered set E we construct category £(E), which objects are the elements of 
the set E, and morphisms are all possible pairs of elements {M,N), such that M > N. For 
any two elements M, N E the set i?£(s) {M, N) consists of one morphism (M, A^) if M > N, 
otherwise this set is empty. 

Remark 3.11 and corollary 3.9 give us the following 

Theorem 3.4 Correspondence *o : Ob ^ ^ Ob£(E), 

*o : (Ag) ^ ^V{A,g)) , {A,g) e Ob A, 

is uniquely extended to functor ^ : Aq '2(S). 

The functor ^' sets the isomorphism of categories Aq and 'C(E). 



T: f 



4 Expansions of odometers. 
4.1 General case. 

Let {X, /) is a dynamical system with Hausdorff compact phase space. 

Remind, that for any dynamical system {A,g) e Ob^ category JCq contains a morphism 
h : {X, f) {A, g) if and only if ^{V{A, g)) < ^V{X, /)) (see Theorem 3.1). 

Consider a complete subcategory A{X, f) of A, objects of which are dynamical systems 
{A,g) E Oh A, such that $(P(A^)) < 

It follows from Remark 3.11 that the category A{X, f ) has properties LU and LD. 

We fix a skeleton Ao{X, f) of A{X, f) and construct category Ao{X, /), taking an advantage 
of Proposition 3.11. 

In the same way as we did it for Corollary 3.9, we prove 

Proposition 4.1 Let {Ai.gi), (A2,5'2) e ObA(^, /)• 
Then 

(i) if ^{V{Ai,gi)) > $(P(A2,fif2)); then the set H^^^yJ){{Ai, gi), {A2, g2)) contains exactly 
one element; 

(^^) (^2,5'2)) = 0, otherwise. 

Consider the subset S(X, f) = {N eT.\N < /))} of (E, <) and construct category 

£(S(X, /)) by this partially ordered set. 
Similarly to Theorem 3.4 we prove 

Theorem 4.1 Correspondence *o(^, /) : Oh'MXj) Ob£(E(X, f)), 

^o{XJ) : {A,g) ^ ^{V{A,g)), {A,g) e ObA(X,/), 

is uniquely extended to functor ^(X, /) : Aq{X, f) — > £(E(X, /)). 

The functor ^(X, /) sets the isomorphism of categories Ao{X, f) and £(E(X, /)). 

We define category 05 (X, /) as follows: 

— objects of 03(X, /) are the pairs {h, {A,g)), where h G Mor^Q((X, /), (^4, ^f)) and (^4, ^f) e 
Oh A{X,f); 

— for any two {hi, {A^, gi)), (/i2, {A2, ^2)) e Ob ?B(X, /) the set H^^x,f){{hi, (Ai, ^1)), (/i2, {A2, ^2)))! 
consists of all triples {{hi, {Ai,gi)),7r, (/12, (^2,5'2))), such that tt G S-i), (A2,fi'2))| 
and h2 — IT o hi. 

The correctness of this definition is checked immediately. 

Lemma 4.1 Let {hi,{Ai,gi)), (/i2, ^2)) e Ob*B(X, /). 
Then 

(i) the set H^(^xj){{hi, {Ai,gi)), (/i2, (^2,9'2))) contains no more than one element; 
(tt) tf H^^xj){{hi, {Ai,gi)), {h2, {A2,g2))) 7^ 0, then ^{V{Ai,gi)) > $(^(^2, ^2)). 



Proof, (i) Let tti, 712 '■ {Ai,gi) (A2, 52) arc two morphisms, such that h2 = TTiohi = 712° hi. 

Let X E X. Then h2{x) = 7ii{hi{x)) = n2{hi{x)). Since dynamical system {Ai,gi) is 
minimal, then it follows from Remark 3.9 that tti = 772- 

(ii) This statement immediately follows from Theorem 3.1. □ 

Lemma 4.2 Let {h, {A, g)) e Oh <8(X, f), N e E{X, /) and g)) < N. 

Then there exists {hi, {Ai,gi)) e ObQ3(X, /), such that 

(i) ^{V{Ai,gi))=N; 

(ii) H^^xj){{hu {K (Ag))) ^ 0. 

Proof. On the condition of Lemma and by definition of the set E(X, /) we have following 
inequalities $(P(A,^)) < iV < $(P(X/)). 

Proposition 2.1 consequences that there exists unique regular set Q G N, such that $(Q) = 
N . Since the sets V{A, g) and V{X, f ) are regular (see Remark 2.6), then from Lemma 2.1 we 
receive the inclusions V{A, g) C Q C V{X, /). 

We use Proposition 2.2 and find regular sequences {ui G V{A, g)}i^^ and {rrij G Q}jeN, 
such that ^{{ui | i G N}) = ^{V{A,g)) and ^{{mj \ j G N}) = ^{Q) = N. 

Fix regular sequence {V^^'^^ji^n of periodic partitions of dynamical system {A,g). Consider 
pre-images 

M/K) = = /i-^(Kf'^)}s,ez„., i G N, of periodic partitions of the sequence 

We conclude from Proposition 3.7, Definition 1.6 and Corollaries 1.5 and 1.6 that 
is the regular sequence of periodic partitions of dynamical system {X, /). 
Let Sj is the partition of space X, induced by the sequence {1^*^"*^}. In accord with Propo- 
sition 3.8 the family of sets {vj^''^ \ Si G Z„-, i G N} is basis of the topology of space A. 
Therefore, coincides with the partition zer h. 

We take advantage of Proposition 1.8 and Remark 1.6 and construct coherent sequence 
{W^'^^^}j^fi of periodic partitions of dynamical system (X,/), which is compatible with the 
sequence {1^^"*)}. 

Let Sj is the partition of space X, induced by the sequence {VT^"*^^}. Taking into account 
Remark 3.4, we have the commutative diagram (see relation (12)) 

(X,f) {Ai,gi) 

pr (16) 

{X/^J) ^ {Ai,gi) 

In this diagram {Ai,gi) is an odometer, F is a projection, factF is homeomorphism and 
$(P(X/^,7)) = ^V{Ai,gi)) = $({m, | j G N}) = N.^ 

From Corollary 3.2 we conclude that the partition = zerF is refinement of the partition 
Sj = zer /i of space X. Designate hi = F. Applying now Lemma 0.2 to projections ipi = hi and 
(p2 = hwe consequence that there exists ■0 G Hfc^ii^i, 9i)i i^, 9))-, such that h = ohi. □ 

We define the "forgetful" functor : ®(X, /) ^.{X, f) with the help of the relations 
e : (/I, (A, g)) ^ {A, g) , (/., (A, g)) G Ob Q5(X, /) ; 

e : {{hi, (>li, ^1)), TT, {h2, {A2, g2))) ^ n , {{hi, {Ai, gi)),n, {h2, {A2, ^2))) e Mot{^{X, /)) . 

Consider pre-image 53'(X, /) of the skeleton Ao{X, f) under action of Q. The easy imme- 
diate verification shows that 25' (X, /) is complete subcategory of 23 (X, /). 



Remark 4.1 Let £,' is a complete subcategory of a category £. Let A, B ^ Ob By definition 
we have H^iA, B) = Hs^{A, B). 

Hence, the objects A and B are isomorphic in £' if and only if they are isomorphic in £. 

Let 25q(X, /) is a skeleton of 23' (X, /). Obviously, Q5q(X, /) is the complete subcategory of 
®(^,/)- 

Proposition 4.2 Category *Bo(X, /) is the skeleton of the category *B(X, /). 

Proof. It follows from definition of the category Q3q(X, /) and from Remark 4.1 that this 
subcategory contains no more than one representative from every class of isomorphic objects 
of the category *B(X, /). 

Wc shall prove that for every (/i, {A^g)) G ObQ5(X, /) there exists an object contained in 
Q3q(X, /), which is isomorphic to (/i, {A,g)). 

Consider {A,g) = Q{h,{A,g)) e Oh A{X,f). Subcategory Ao{X,f ) is the skeleton of 
A{X,f), therefore there exists exactly one object {A',g') e Ob^o(^;/); which is isomorphic 
to {A,g). Let p : {A,g) {A',g') is an isomorphism. 

Designate h' = p o h : {X,f) {A',g'). Consider the object {h',{A',g')) of category 
^{XJ). Obviously, {h', {A',g')) e Oh%{XJ) and ((/i, {Ag)),p, {h\ {A,g'))) e IsoS(X,/). 
□ 

We shall introduce now binary relation ^ on the class Ob 23o(X, /). We say that (/ii, {Ai, gi)) z 
{h2, {A2,g2)) if H^^xj){{h2, {A2,g2)){, h, {A,,g,))) ^ 0. 

Proposition 4.3 Relation z< is the partial order and the following statements hold true: 

(i) each element {h,{A,g)) e ObQ5o(X, /) is majorized by certain element {h',{A',g')) e 
ObQ5'o(X,/), such that ^V{A',g')) = ^V{X,f)); 

(ii) an element {h, {A,g)) G Oh^Q{X,f) is maximal under order relation ^ if and only if 
^V{A,g))^^V{X,f)). 

Before we proceed with the proof of Proposition 4.3, let us prove 

Lemma 4.3 Let (h, {A, g)) e Oh Q3[,(X, f), N e S(X, /) and ^V(A, g)) < N. 
There exists such object {h', {A',g')) e Oh^o{X,f), that 

(i) ^{V{A',g'))^N; 

(ii) H^^xj){{h',{A\g')),{h,{A,g)))^%. 

Proof. According to Lemma 4.2 there exists (/ii, {Ai, gi)) e Ob /), such that ^{V{Ai,gi)) 
N and if*8(x,/)((/ii, {K (A (?))) ^ 0. 

We conclude from Proposition 4.2 that there exists an object (/i', {A\g')) G ObQ3Q(X, /), 
which is isomorphic to (/ii, {Ai^gi)). Lemma 4.1 consequences that (^{V{A' ,g')) = ^{V{Ai, gi)) = 
N. In addition, we have HfB{xj){{h', {A',g')), [h, {A,g))) on the construction. □ 

Proof of Proposition 4.3. For every object B e ObQSo(X, /) there exists unit morphism 
Is on definition of category, therefore relation -< is refiexive. 

Composition of any morphisms a G H<Qi^xj)(yB, B') and /3 G His(^x,f){B', B") is element of 
the set Hss(^x,f){B, B"), hence relation ^ is transitive. 



Let a e H<s{xj){B,B'), p e H^(x.f){B' , B) for certain B, B' e Ob^[)(X,/). According 
to Lemma 4.1 we liave H<q(^xj){B, B) = {Is}, H(:s(xj){B' , B') = {Ib'}- Hence, (3 o a = 1b, 
aop — 1b' and the objects B and B' are isomorphic in category 05 (X, /). Since QSo(X, /) is the 
complete subcategory of /), then B and B' are isomorphic in ^o(X. /) (see. Remark 4.1). 
Prom what has been said we conclude, that the relation -< is antisymmetric. 

So, ■< is the partial order relation. 

Statement (i) of Proposition 4.3 follows from Lemma 4.3 and Theorem 3.1. 
We shall prove now statement (ii). 

Let {K{A,g)), {h',{A',g')) e Ob?B'o(X,/), ^{V{A,g)) = $(P(X,/)) and {h,{A,g)) ^ 
{h', {A',g')). Prom Lemma 4.1 and Theorem 3.1 wc conclude that ^(V{A, g)) < ^{V{A' , g')) < 
$(P(X,/)). Hence, = = ^^CPiAg)) and any morphism p : {A',g') 

{A,g) is isomorphism (see Theorem 3.3 and corollary 3.5). 

Since the set Hfs(x,f){{h' , {A' , g')), {h, {A, g))) is not empty on our supposition, then the 
objects {h', {A',g')), {h',{A,g)) e Oh%{X,f) are isomorphic. Hence, {h', {A',g')) = {h, {A,g)) 
(see Proposition 4.2) and {h, {A,g)) is the maximal clement under relation ^. 

Let now {h, {A,g)) is a maximal element under ^. The equality ^{V{A, g)) = ^{V{X, f)) 
follows from the statement (i) of Proposition 4.3 and Theorem 3.1. □ 

On definition we have e(ObQ3'o(X, /)) = Ob A(^, /) = OhAo{XJ), therefore the map is 
correctly defined 

Ao = *o o e : Ob %{X, f) ^ Ob £(E(X, /)) = (E(X, /),<). 

Prom Lemma 4.1 and Proposition 4.3 we obtain 

Corollary 4.1 The map Aq preserves the order relation. 

Pre-image Aq^{^{V{X, f))) of the greatest element of the set (E(X, /), <) coincides with 
the class of all maximal elements from (ObQ5o(X, /), z^). 

Prom definition of the category ii(S(X, /)), Lemma 4.1 and Corollary 4.1 we get 

CoroUatry 4.2 Map Aq : ObQ3o(X, /) Ob£(E(X, /)) is uniquely extended to the functor 

A:«^(X,/)^£(E(X,/)). 

For any two objects B, B' e ObQ3Q(X, /) the map 

Ab,b' ■ H^>^(^x,f){B,B') i7£(s(x,/))(A(-B), A(S')) 

is injective. 

Remark 4.2 1) It follows from Lemma 4-i, that the equality ^{V{Ai, gi)) = ^(V{A2, g2)) is 
the necessary condition for two objects {hi, {Ai,gi)), (/i2, {A2,g2)) G ObQ5(X, /) to be isomor- 
phic. 

2) From Corollary 3.5 we obtain the statement: if ^{V{Ai, gi)) = ^{V{A2, g2)), then 
objects {hi, {Ai,gi)), {h2, (^2,52)) £ Oh^{X, f) are isomorphic if and only if at least one of 
the sets 

H^(xj){{hi, {Ai,gi)), {h2, (^2,^2))) , 
H^{xj){{h2, (^2,52)), {hi, {Ai,gi))) 

is not empty. 



4.2 Indecomposable dynamical systems. 

We have natural desire to "compare" somehow categories 53 (X, /) and i2(S(X, /)). 

In what follows we shall see, that if dynamical system (X, /) is indecomposable, then the 
category /)) is isomorphic to a skeleton of the category 23 (X, /) (and the isomorphism 

is set by the functor A). 

In the case, when dynamical system (X, /) is not indecomposable, generally speaking it is 
not clear how to "compare" categories *B(X, /) and £(E(X, /)), as shows following 

Lemma 4.4 Let {h, {A, g)) e Ob 23[,(X, /), N e S(X, /) and g)) < N. 

Object {h', {A',g')) e ObQ5Q(X, /), which satisfies to Lemma 4-3, is defined uniquely if and 
only if dynamical system (X, /) is indecomposable. 

Proof. 1) Assume, that dynamical system (X, /) is indecomposable. 

Let {h2,{A2,g2)) G Ob^^,(X,/), ^V{A,,g,)) = ^V{A2,g2)) = N and 

(h, (A,g)) ^ {hi,{Ai,gi)),i^ 1,2. 

Since ^{V{Ai, gi)) = $(7^(^2,512)), then dynamical systems {Ai,gi) and (^2,5'2) are topo- 
logically conjugate. We fix isomorphism p : {Ai,gi) (^2?5'2)- 

We conclude from Remark 3.8 and Lemma 3.4 that the following commutative diagram 
holds true 

(X,/) = (X,/) = (X,/) 



hi 



p ^0/12 



h2 



fact (p-i 0/12) P 

In accord with Corollary 3.5 the map p o fact(p~^ o /12) : (^1, fl'i) — >■ (A2, 5^2) is isomorphism. 
?B[,(X, /) is the skeleton of ^(X, /), therefore (/ii, (Ai, g^)) = (/i2, (^,^2))- 
2) Let now dynamical system (X, /) is not indecomposable. 

Designate ^{V{A,g)) = M e E(X, /). Since M ^ N on condition of Lemma, then there 
exists prime p G 6, such that Mp ^ Np. This implies, that Mp ^ 00. Let Mp — k. Then 
Np>k + 1. 

We fix regular sequence {njjjgN, such that $({nj | i G N}) — M (see. Proposition 2.2). It 
follows from definition of function $ that 

— rij = p'^'Cj, ki < k, gcd(aj,p) = 1, i e N; 

— there exists such io e N, that ki^ — k. 

Sequence {njjjgpj is regular, so ki = k for all i > ig. Without loss of generality (see Corol- 
lary 2.1), we can consider that 

Hi = p'^Qi , gcd(ai,p) = 1 , i eN . 

Once again we take advantage of Corollary 2.1 and we shall consider, that ni = p^ . 

Fix regular sequence {mj}j6N, such that ^{{rrij \ j e N}) = N{see the beginning of proof 
of Lemma 4.2). Sequence {mj}j^^ is regular and Np > k + l, therefore there exists jo e N, 
such that rrij is divided by for every j > Jq- 

Again using Corollary 2.1 we assume, that rrij is divided by p''^^ for all j eN and mi = 



We fix regular sequence {V^'-^'-'jigN of periodic partitions of dynamical system [^A^g). Con- 
sider pre-images W'^^^^ = {wif''' = /i~^(Vsi"''')}sieZnj) i G N, of periodic partitions of the 
sequence {V'''^''>}i^^. 

Repeating argument from the proof of Lemma 4.2 we conclude, that {W^'^^'>}i^^ is the 
regular sequence of periodic partitions of dynamical system (X, /) and the partition ^ of space 
X, which is induced by this sequence, coincides with the partition zer/i. 

Since N < $('P(X, /)) on condition of Lemma, then there exists a coherent regular sequence 
j^.gj^ of periodic partitions of dynamical system {X,f ), which is compatible with the 
sequence {VF^"')}igN (see Proposition 1.8). 

We have assumed, that the dynamical system (X, f) is not indecomposable. Therefore, 
there exist partition X — XiY[X2 of space X on two proper disjoint invariant closed subsets 
Xi and X2. 

Families of sets {Pf^ = U^'^ n X,}^,^^^^ and {giT'^ = Ut'^ n Xaj.^ez^^ are periodic 
partitions of dynamical systems (^i,/|xi) and {X2,f\x2)j respectively (see Remark 1.3 and 
the proof of Proposition 1.3). Therefore the family of sets 

is the periodic partition of dynamical system [X, /) of length mi = p'^+i (^see the proof of 
Proposition 1.3). 

Periodic partitions C/("^i) and are compatible and rii divides mi, hence there exists 

T e Z„,, such that Ut'^ = P^""'^ U Q^^'^ C W^""'^ (see Corollary 1.6). 
Remark, that since f : X ^ X is homeomorphism, then 

Hence J/q'"^'' C Wt^^\ From Corollary 1.5 we conclude, that periodic partitions and 
g^j^g compatible. 

The inductive application of Proposition 1.7 and Remark 1.6 gives us a coherent sequence 
of periodic partitions of dynamical system {X,f), which is compatible with the 

sequence 

Let T and T are the partitions of space X, induced by sequences {U^'^^'^}^^.^^ and {t/*^'"-'^}mjeNj 
respectively. 

Iterating argument from the proof of Lemma 4.2, we shall find [hi, {A'^,g[)), (/12, (^2, fi'2)) € 
Ob 03 (X, /), such that T = zer /ii, X = zer /i2 and 

/^Q3(x,/) ((/i., (A:, g[)). {h, {A, g))) 7^ , ^ = 1, 2 . 

Find (tti, (Ai, (?i)), (7r2, (A2, (?2)) ^ Ob QSq(X, /), which are isomorphic to objects (^1, (^'1, ^i))! 
and {h2, {A2, g'2)) respectively. Obviously, 

h^^xj){{ni,{Ai,gi)),{h,{A,g)))^$, i = 1,2 . 

In order to verify the inequality (tti, (^1, ^^i)) 7^ {712, {A2, g'2)) it suffices to show, that objects 
{hi, {A[,g[)) and (/i2, {A'2, g'2)) are not isomorphic. For this purpose we shall take an advantage 
of Remark 4.2 (remind, that ^{V{A\, g'l)) = ^(V{A2, g2)) = N on the construction, hence 
dynamical systems {A[, g[) and (^42,512) are topologically conjugate). 

Let us check the equality 

H^^xMhu {A[,g[)), {h2, {A'2,g'2))) = . (17) 



Assume, that this equahty is not vahd and there exists a : {hi, {A[,g[)) — > (/?.2, {A2,g2))- 
Therefore a = Q{a) : {A[,g[) — > (A2)5'2) is isomorphism (see Corollary 3.5). Hence, zer(5 o 
hi) — zerhi. Since h2 — a o hi by definition, then T = zer /i2 = zer(5 o hi) — zerhi — T. 

On the other hand, sequences {U^'^^^}j^^ and {C/^"^^^}jgN are not compatible. Really, on 
the construction we have ^ U^'^ n U^"^'^ = P^"^'^ C Xi, Hence 

U riu^""'^ n u^""'^) c Xi 

and periodic partitions and U^"^^^ are not compatible. Therefore Corollary 3.2 conse- 

quences that T 7^ T. 

The obtained contradiction proves the equality (17). 

The equality 

H^ix,f){{h2,{A'2,g2)),{hi,{A'i,9'i)))^0 

is proved similarly. □ 

Remcirk 4.3 Obviously, the set (E, <) has the least element E = {Ep = 0)pgB = '&o(l)- 

Hence, for any dynamical system {X, f) the element E e Ob£(E(X, /)) is the right zero of 
category £{E{X, /)). 

In the category Ao{X,f) dynamical system {{pt},Id) with a phase space consisting of one 
point corresponds to the element E in the sense that ^{V{{pt}, Id)) — E. 

Proposition 4.4 The category Q3q(X, /) has the right zero e ObQ3o(X, /). 

Proof. Obviously, there exists exactly one projection ttq : X — > {pt} and it satisfies to the 
relation tvq o f = Id o hq. Designate Or = (ttq, {{pt}, Id)). 

Let {h, {A,g j) G ObQ3Q(X, /). Obviously, the projection ti : A ^ {pt} is uniquely defined 
and relations are fulfilled tt o g = Id o ti and ti o h = ttq : {X, f) — >• ({pt}. Id). □ 

Remcirk 4.4 Since any two different objects of category ?Bq(X, /) are not isomorphic (on def- 
inition of skeleton of a category), then the right zero is defined uniquely. 

Now we can extract from Lemma 4.4 the following statements. 

Corollary 4.3 Let $(P(X, /)) ^E,N e E(X, /) and N ^ E. 

There exists {h, {A,g)) e Ob5Bo(X, /), such that ^{^^{Ajg)) — N and the following state- 
ments are equivalent: 

(i) object {h, {A,g)) e Ob Q5o(-'^, /), such that ^{V{A, g)) — N, is defined uniquely; 

(a) dynamical system {X,f) is indecomposable. 

Proof. We apply Lemmas 4.3 and 4.4 to object Or G Ob Q5o(X, /) and number e E(X, /). 
□ 

Remark 4.5 In other words Corollary 4-3 can be formulated as follows: 
— map Ao : Oh%{X,f) Ob£(E(A:,/)) is surjective; 



— if^(V{X, /)) 7^ E, then injectivity of Aq is equivalent to that the dynamical system {X, /) 
is indecomposable. 

Corollary 4.4 If dynamical system {X, f) is indecomposable, then for any two objects {hi, {Ai, 
(/i2, {^.2,92)) G C)bQSo(X, /) the inequality 

H^ix,f){{h2, {A2,92)), {hi, {Ai,gi))) ^ 

is fulfilled if and only if ^{'P{Ai, gi)) < ^V{A2, 92)). 

Proof. Let {hi,{Ai, gi)), (/i2, (^2, ^^2)) e Ob*B[,(X,/). 

If H^i^x /)((^2, {A2, g2)), {hi, {Ai, gi))) ^ 0, then Lemma 4.1 consequences that <l>(P(Ai, g^i)) <| 
$(^(^2,^2)). 

Let now <l>(P(Ai, g^) < ^{V{A2, g2))- We take advantage of Lemma 4.3 and find {h'^, {A^, g'2)) e| 
Ob«B(,(X,/), such that = ^V{A2,g2)) and 

H^^xj){{h'2, (^'2,^2)), (^1, (A,^i))) 7^ . 
Prom Corollary 4.3 we conclude, that {h'2, (^2,512)) — (^2, (^2,5'2))- D 

Lemma 4.5 Lei /)) ^ E. Then the following statements are equivalent: 

(i) category Q5o(X,/) has the left zero 0^ e Ob5Bo(J^,/); 

(^ii^ dynamical system {X,f ) is indecomposable. 

Proof. 1) Let dynamical system (X, /) is indecomposable. 

From Corollary 4.3 it follows, that there exists a unique object {h, {A,g)) e ObQSo(X, /), 
such that ^{V{A,g)) = ^{V{X,f)). 

Theorem 3.1 guarantees that for any {h', {A', g')) e Ob ^'q{X, f) the inequality ^{V{A' , g')) <| 
^{V{A,g)) is fulfilled. Now Corollary 4.4 and Lemma 4.1 show, that for every {h' , {A',g')) e 
ObQ5()(X,/) the set 

H^^xj){{h, {A,g)),{h',{A!,g'))) 

contains exactly one element, hence {h, {A,g)) is the left zero of *Bo(X, /). 
2) Let dynamical system (X, /) is not indecomposable. 

Assume, that there exists a left zero {h,{A,g)) of category QSo(X, /). From Theorem 3.1 
and Lemma 4.1 we conclude, that ^{V{A,g)) = ^{V{X,f)). 

Corollary 4.3 implies, that there exists {h' , {A', g')) e Ob Q5o(X, /), such that ^{V{A' , g')) = 
^V{X,f)) and {h',{A',g')) ^ {h, {A,g)). 

Since ?Bq(X, /) is the skeleton of *B(X, /) (see Proposition 4.2), then objects {h',{A',g')) 
and {h, {A,g)) are not isomorphic in ^{X,f ). From Remark 4.2 we conclude, that 

H^^xj){{h,{A,g)),{h',{A',g')))^^ 

and the object {h, {A, g)) can not be left zero of ^'q{X, f). 
The obtained contradiction finishes the proof. □ 

Theorem 4.2 Let $(P(X,/)) ^ E, <Bo(X,/) is a skeleton of the category ^{X,f). 
The following statements are equivalent: 



(i) dynamical system {X,f) is indecomposable; 

(ii) categories ^o{X , f) and 2{T:{X , f)) are isomorphic. 

Proof. On definition £(S(X,/)) has left zero $(P(X,/)) e Ob£(S(X,/)). Hence, the 
existence of left zero in the category ^o{X, f) is the necessary condition for categories ^o{X, f) 
and £(E(X, /)) to be isomorphic. 

Subcategory ®q(X, /) is the skeleton of ^(X, /) (see Proposition 4.2), therefore it is iso- 
morphic to the skeleton 'i8o{X. /). If dynamical system (X, /) is not indecomposable, then we 
conclude from Lemma 4.5, that there is no left zero in the category QSo(X, /) and it can not be 
isomorphic to £(E(X, /)). 

Assume now that (X, /) is an indecomposable dynamical system. We shall prove, that 
the functor A : *Bo(X, /) £(E(X, /)) (see Corollary 4.2) sets the isomorphism of categories 
S'o(X,/) and £(S(X,/)). 

From Remark 4.5 the map Aq : Ob ^o(X, /) — > Ob £(S(X, /)) appears to be bijective. 

Let M, N e Ob£(E(X, /)). Corollary 4.4 consequences that inequalities 

//£(E(x,/))(M, N) + and H^,^^xj){K\M\ + 

are equivalent. Since each of the sets (-/W", A") and i?sBj^(x,/)(Ao ^(M), Aq ^(A^)) contain 

no more than one element (see definition of category £(E(X, /)) and Lemma 4.1), then 

Aa-(m),a-w ■ H^'oixj){^o\M),A,\N)) ^ //^(^(x,/)) (M, X) 

is bijective map for any pair M, X G Obi2(S(X, /)). 

Thus, A : 23[,(X, /) i:(S(X, /)) sets the isomorphism of categories Q3'o(X, /) and £(E(X, /)).| 
Therefore, categories Q3o(X, /) and £(S(X, /)) are also isomorphic. □ 

4.3 Expansions of odometers and almost periodic points 

Proposition 4.5 Let {A, g) G Ob^(X,/). 

Suppose there exists projection n : (X,/) —>■ {A,g), such that for a certain x E X the 
equality 7T~^{7i{x)) = {x} is fulfilled. 

Then the following statements hold true: 

(i) a; G X is the almost periodic point of dynamical system (X, /); 

(ii) for any y E X the inclusion is valid Orb/(a;) C a{y) r\uj{y) (hence, Orb/(x) is the unique 
minimal set of dynamical system (X, /), in particular (X, /) is indecomposable); 

(ill) ^V{A,g))^^V{X,f)); 

(iv) for any projection n' : (X,/) {A',g'), {A',g') G Ob^, the following conditions are 
equivalent: 

a) (vr')-^(vr'(x)) = {x}, 

h) ^{r{A\g')) = ^{r{X,f)); 

(v) if dynamical system, (X,/) is minimal, then for every almost periodic point y & X of 
dynamical system (X, /) the equality 7r~^(7r(y)) — {y} is fulfilled. 



Before we proceed to prove Proposition 4.5 and extract corollaries from it, we shall prove 
three lemmas. 

Lemma 4.6 Let {Ai,gi), {A2, g2) G Ob^, h : (Ai, gi) (^2,(72) is a morphism. 
If there exists x e Ai, such that h~^{h{x)) — {x}, then h e IsoA. 

Proof. Since {A2,g2) is minimal dynamical system (see Remark 3.2), then h is projection 
(see Remark 3.8). 

Let y G Ai. Designate by H{y) the element of partition zerh of space Ai, which contains y. 

We know from Corollary 3.6 that there exists unique isomorphism hy^x '■ {Ai,gi) (Ai, gi), 
such that hy^xiy) = Consider a projection h = ho hy^^ '■ {^i,gi) ~^ {^2,92)- Designate by 
H{y) the element of partition zer/i of space Ai, which contains y. 

Let z — h{x) E A2. It is clear, that 

h-\z) = h-yl,{h-\z)) = h-Ux) = {y} = H{y) . 

Dynamical system {A21 g-i) is minimal, hence it is indecomposable. We conclude from Lemma 3.3 
that zer/i = zer/i. Hence, h~^{h{y)) — H{y) — H{y) — {y}. □ 

Lemma 4.7 Let dynamical system (X, /) is minimal and x & X is almost periodic point of 
this dynamical system. 

Then there exist dynamical system {A,g) G A{X,f) and projection tt : {X,f) — {A,g), 
such that ^V{A,g)) = ^V{X,f)) and tt-\tt{x)) = {x}. 

Proof. We fix regular sequence {njjjgN, such that $({ni | i G N}) = $(P(X, /)), and build 
regular sequence {W^"'^^}i^n of periodic partitions of dynamical system {X,f). Without loss of 
generality we can suppose that x G Wq'^^\ i G N (see Remark 1.6). 

Let i3 is the partition of space X, induced by the sequence {VF^"*^}ieN and let 

F:{X,f)^{X/^J) = {A,g) 

is the projection to dynamical system {A,g) G A{X,f) (see relation (12), Remark 3.4 and 
Proposition 3.3). Then ^{V{A,g)) = $(P(X,/)). 

Since zer F = i^, then in order to complete the proof it is enough to verify the equality 

{x} = n ■ 

Assume, that this equality is invalid and there exists y ^ x, such that 

y e n ^0"^ ■ 

The space X is Hausdorff, therefore there exists a closed neighborhood U C X\ {y} of x. Since 
X is the almost periodic point, then we conclude from Lemma 1.5 that there exist m G V{X, f) 
and periodic partition W^^^ of dynamical system (X, /) , such that x G Wq""^ C JJ. 

Consider the stationary regular sequence {ruj — m}j^^. Prom Lemma 2.1 it follows, that 
$o(m) = $({mj I 3 G N}) < ^{V{XJ)) = $({71^ | i G N}). Therefore Proposition 2.3 
consequences that there exists /c G N, such that mi — m divides Uk- 



The dynamical system (X, /) is minimal, hence it is indecomposable. Corollary 1.1 implies, 
that periodic partitions W^'^'^ and are compatible. Therefore (see Corollary 1.6) the 

inclusions hold true x e Wq^""^ C W^"^^ QU CX\{y} and 

y i n ^o"^ ■ 

The obtained contradiction completes the proof. □ 

Lemma 4.8 Let a; G Yi an almost periodic point of a dynamical system (Yi,/ii). Let tt : 
(Yi, hi) (Y2, /12) is a projection. 

Then y = tt{x) e Y2 is an almost periodic point of the dynamical system {Y2, h2). 

Proof. Let U Y2 is an open neighborhood of y. Since tt : Yi — I2 is continuous map, 
then V = 7r~^([/) is the open neighborhood of the almost periodic point x. Hence, there exists 
n{V) e N, such that 

[jh',''^''\x)QV . 

Then 

U hr'^^'iy) - U hr'""' o n(x) ^[jno h'^^''\x) C .{V) = U . 

From arbitrariness in the choice of a neighborhood U it follows, that y — 7r(x) is almost periodic 
point of dynamical system (Y2, h2). □ 

Proof of Proposition 4.5. (i) We fix regular sequence {njjjgN, such that | i G 

N}) = $(7^(^,(7)). Construct regular sequence {V^*-"'-'}igN of periodic partitions of dynamical 
system {A,g). Without loss of generality we can assume, that z = tt{x) e i G N see 

Remark 1.6). 

According to Proposition 3.8 the family of sets {vj^''^ \ Si G Z„. i G N} is basis of the 
topology of space A. Therefore, 

In addition since the sequence 

{^^"'^}ieN is regular, then V^'''+''^ C V;,^"^^ i g N (see Corol- 
lary 1.6). 

Consider prc-imagcs {Wif''* = 7I'~^(K1"''') | Si G '^ui}, i G N, of periodic partitions 

{vt^ I G z„j, ten. 

It is clear, that W^'^'^'^ C W^'''\ i G N, and 

{x} ^ 7r-\z) ^ f]wi-^K 

We consequence from Proposition 3.7 and Corollary 1.5, that {VF^"*^}ieN is the regular sequence 
of periodic partitions of dynamical system (X, /) . 

Let U C X is an open neighborhood of x. Since X is compact, then all sets Wq^'\ i G N, 
are compact. Applying Lemma 3.2, we find keN, such that x G FFq^""^ C U. 



On definition of periodic partition wc have 

By virtue of arbitrariness in tlie choice of a neighborhood U the point x is almost periodic. 

(ii) Let y & X , t = n^y) G A. Dynamical system {A,g) is minimal (see Remark 3.2), 
consequently a(t) = uj{t) = Orbg(t) = A. Hence there exists monotonic unlimited sequence of 
numbers {n, G ZjieN; such that z — Tr{x) — limj^oo 5'"' (^) • 

Consider the sequence {/"'(y) G ^}ieN. Space X is compact, therefore this sequence has at 
least one limit point x' & X. Passing to a subsequence we can assume, that x' — limj_»oo /"'(y)- 
Hence, x' G uj{y). 

On the other hand, tt o f^^{y) = g^^ ° T^iy) = g^"{t), therefore 

n{x') = lim TT o = lim g'^'it) = 7r(x) 

i-+oo i— >oo 

and x = x' G c<;(y). Since Loix)) is closed invariant set of dynamical system {X,f), then 
Orb/(x) C u{y). 

The relation Orb/(x) C a{y) is proved similarly. 

(iii) We consider (tt, {A, g)) G Ob /). It follows from Theorem 3.1, that ^{V{A, g)) < 
$(P(X,/)). Apply Lemma 4.2 and find (tt', {A',g')) G ObQ3(X,/), such that = 

and exists 

heH^^xj){{T^\{A\g')),{n,{A,g))). 

In other words, there exist {A\ g') G A{X, /) and /i : {A\ g') {A, g), such that ^f')) = 

^V{X,f)) and TT = /i o tt'. 

We conclude from Remark 3.8, that map tt' : X — > ^4' is surjective. Hence for any subset 
B CA' the equality 7r'((7r')"H^)) = B is fulfilled. 

Let z' = tt'{x) G A'. Then = ho tt'{x) = z. The equalities hold true {7T')~^{h~^{z)) ~ 
'K^^iz) = {x}, hence 

h-\h{z')) = h-\z) = n'{{nr\h-\z))) = {n\x)] = {z'] . 

Applying Lemma 4.6 we conclude, that h : {A!,g') (^)fl') is isomorphism. Hence, 

g)) = ^V{A', g')) = ^ViX, /)). 

(iv) We have already proved in (iii) the implication a) ^ b). 

Let {A',g') G A{XJ), ^V{A',g')) = $(P(X,/)) and n' : (XJ) ^ {A',g') is a projection. 

Dynamical system {X, /) is indecomposable (see. (ii)), therefore from Lemma 4.4 it follows 
(wc shall remind, that Q3o(X, /) is the skeleton of 53(X, /)), that objects {n' , {A' , g')) and 
(tt, {A, g)) of the category ® (X, /) are isomorphic. Hence there exists isomorphism p : {A, g) 
(/!',(?'), such that n' = p o n. In addition it is obvious that tt = p~^ o tt'. Applying Lemma 0.2 
we conclude, that partitions zer n and zer n' coincide. 

The sets 7r~^(7r(a;)) and (7r')~^(7r'(a;)) are elements of the partitions zerTr and zerTr' respec- 
tively, and contain the point x. Hence, (7r')~-'^(7r'(x)) = 7r~-'^(7r(j:)) = {x}. 

(v) Let dynamical system {X, f) is minimal and y & X is almost periodic point of this 
dynamical system. 

Applying Lemma 4.7, we find projection tt' : (X, /) — {A', g'), {A', g') G A{X, /), such that 
(7r')~^(7r')(?/) = {y}. Then changing roles of projections tt and tt', we shall receive from (iv) 
that (7r)-i(7r)(2/) = {y}. □ 



Definition 4.1 Dynamical system (Yi, hi) is called almost one-to-one expansion of a dynamical 
system (12, h2), if there exist projection n : (Yi, hi) — > {Y2, /i2) and a dense subset Q C Yi, such 
that 7r-^(7r(y)) = {y} for any y eQ. 

Corollary 4.5 (see [10]) Dynamical system {X, f) is almost one-to-one expansion of an odome-^ 

ter if and only if X = Orb/(a;) for an almost periodic point x G X . 

Proof. Let tt : {X, f) — > (Y, h) is a projection and 7r~-'^(7r(x)) = {x} for a certain x E X. 

Remark, that since f : X ^ X and h : Y ^ Y are the homeomorphisms, then for every 
n e Z equalities hold true 

{x} = n-\TT{x)) = 7r-'(/i-" o TT o /"(x)) = (/i" o tt)-\tt o /"(x)) = 

= (tt o /«)-i(7r o f-{x)) = /-"(7r-^(7r(r (a:)))) , 

Hence 

irix)} = r o f--{n-\n{r{x)))) = n~\n{f-ix))) . 

In other words, for every y G Orb/(a;) equality 7r~^(7r(y)) = {y} is fulfilled. 
If the dynamical system (X, /) is minimal, then X = Orb/ (a;) and {X, f) is almost one-to- 
one expansion of the dynamical system [Y, h). 

1. Let X — Orb/(x) for some almost-periodic point x E X. Then dynamical system {X, f) 
is minimal by Birkgoff Theorem and applying Lemma 4.7 and argument mentioned above, we 
conclude that (X, /) is almost one-to-one expansion of an odometer. 

2. Let dynamical system {X,f) is almost one-to-one expansion of an odometer {A,g). 
We fix a projection tt : {X,f) —>■ {A,g), such that for each point y from some everywhere 

dense set Q C X the equality 7r~^(7r(y)) = {y} is fulfilled. 

Prom Proposition 4.5, item (i), we conclude, that any point y G Q is an almost-periodic 
point of {X,f). Hence, for every y E Q the set Orb/(y) is minimal set of dynamical system 
(XJ). 

Prom here we consequence that either Orb/(|/i) = Orb/(|/2) or Orb/(|/i) nOrb/(|/2) = for 
arbitrary y^y^E Q. 

We fix a; G (5- Por any y E Q we have inclusions (see. Proposition 4.5, item (ii)) Orb/(a;) C 
a{y)r]uj{y) C Orb/(|/). Hence, Orb/(a;) = Orb/(y), in particular y E Orb/(x). Since Q is dense 
in X, then X = Q = Orb/(a;). □ 

Corollary 4.6 Let (Yi,hi) is almost one-to-one expansion of an odometer, tt : (Yi,/ii) 
{Y2, /i2) is a projection. 

Then {Y2, h2) is almost one-to-one expansion of an odometer. 

Proof. Since map vr : Yi — > F2 is surjective and continuous, then for any dense subset Q of 
space Yi its image tt{Q) is dense in Y2- 

We conclude from Corollary 4.5 that there exists almost periodic point x eYi, such that 
Yi = Or\>h^{x). Prom Lemma 4.8 it follows, that 7r(x) is an almost-periodic point of the 
dynamical system (^2,^2), and Orhh^{T:{x)) — Y2 (see above). 

Again applying Corollary 4.5, we come to a conclusion, that (Y2, /i2) is almost one-to-one 
expansion of odometer. □ 



Corollary 4.7 Let {X, f) is almost one-to-one expansion of certain odometer, {A, g) e A{X, /)| 
and TT : (X, /) — > (A, g) is a projection. 
LetQ^{yeX\ 7r-i(7r(y)) = {y}}. 

If ^{V{A, g)) — ^{V{X, f)), then Q coincides with the set of all almost periodic points of 
the dynamical system {X, f) . 

If ^{V{A, g)) + /)), then Q = 0. 

Proof. Prom Corollary 4.5 and Birkgoff theorem we conclude, that the dynamical system 
(X, /) is minimal. 

The first part of the current statement follows from Lemma 4.7 and Proposition 4.5, items (i), 
(iv) and (v). 

The second part follows from Proposition 4.5, item (iii). □ 

CoroUciry 4.8 (see [10]) Let {X,f) is a transitive dynamical system. 

The dynamical system {X, f) is topologically conjugate with an odometer if and only if each 
point of space X is an almost periodic point of dynamical system (X, /) . 

Proof. 1. Let each point of space X is an almost-periodic point of (X, /). Since dynamical 
system {X,f) is transitive, then on definition there exists x & X, such that X — Orb/(a;). 
Applying Corollary 4.5 we conclude, that {X, f) is almost one-to-one expansion of an odometer 
(in particular, dynamical system {X,f) is minimal under Birkgoff theorem). We take advan- 
tage of Lemma 4.7 and find {A,g) e A{X,f) and projection tt : {X,f) —>■ {A,g), such that 
n-\n{x)) = {x}. 

Prom Corollary 4.7 we consequence, that map n : X ^ A is bijective. Space X is compact, 
hence tt is the homcomorphism and tt : (X, /) — > [A, g) is isomorphism in the category /Cq- 
2. Let (X,/) G A. Consider the unit morphism Id : (X,/) — > (X,/). Since map 
: X — > X is bijective, then we conclude from Proposition 4.5, item (i), that every point of 
space X is an almost-periodic point of dynamical system (X, /). □ 

Corollary 4.9 (see [10]) Let dynamical system {A, g) is topologically conjugate with an odome-^ 

ter, 71 : {A, g) — > (X, /) is a projection. 

Then dynamical system (X, /) is topologically conjugate with an odometer. 

Proof. The dynamical system {A,g) is minimal (see. Remark 3.2), therefore it is transitive. 
Hence the dynamical system (X, /) is transitive too (see proof of Corollary 4.6). 

Prom Corollary 4.8 and Lemma 4.8 wc conclude, that each point of the space X is an 
almost-periodic point of dynamical system (X, /) . 

In order to complete the proof it suffices to apply Corollary 4.8 once again. □ 
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